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v keq[ k

jk"Vªh;  i kB~; p; kZ dh : i js[ kk (2005)  l q>krh gS fd cPpksa ds LowQyh t hou dks ckgj ds t hou
l s t ksM+k t kuk pkfg, A ; g fl ¼kUr fdrkch Kku dh ml  fojkl r ds foi jhr gS ft l ds i zHkkoo' k

gekjh O; oLFkk vkt  rd LowQy vkSj ?kj ds chp varjky cuk; s gq,  gSA ubZ jk"Vªh;  i kB~; p; kZ i j
vkèkkfjr i kB~; Øe vkSj i kB~; i qLrdsa bl  cqfu; knh fopkj i j vey djus dk i z; kl  gSaA bl  i z; kl  esa
gj fo"k;  dks ,d et cwr nhokj l s ?ksj nsus vkSj t kudkjh dks jVk nsus dh i zòfÙk dk fojks/  ' kkfey
gSA vk' kk gS fd ; s dne gesa jk"Vªh;  f' k{kk uhfr (1986)  esa of.kZr cky&dsfUær O; oLFkk dh fn' kk
esa dki +Qh nwj rd ys t k, ¡xsA

bl  i z; Ru dh l i Qyrk vc bl  ckr i j fuHkZj gS fd LowQyksa ds i zkpk; Z vkSj vè; ki d cPpksa
dks dYi uk' khy xfrfof/ ; ksa vkSj l okyksa dh enn l s l h[ kus vkSj l h[ kus ds nkSjku v i us vuqHko i j
fopkj djus dk vol j nsrs gSaA gesa ; g ekuuk gksxk fd ; fn t xg] l e;  vkSj vkt +knh nh t k,  rks
cPps cM+ksa }kjk l kSai h xbZ l wpuk&l kexzh l s t qM+dj vkSj t w>dj u; s Kku dk l t̀ u djrs gSaA f' k{kk
ds fofo/  l k/ uksa o l zksrksa dh vusn[ kh fd; s t kus dk i zeq[ k dkj.k i kB~; i qLrd dks i jh{kk dk
, dek=k vk/ kj cukus dh i zòfÙk gSA l t Zuk vkSj i gy dks fodfl r djus ds fy; s t +: jh gS fd ge
cPpksa dks l h[ kus dh i zfØ; k esa i wjk Hkkxhnkj ekusa vkSj cuk, ¡] mUgsa Kku dh fu/ kZfjr [ kqjkd dk xzkgd
ekuuk NksM+ nsaA

; s mn~ns' ;  LowQy dh nSfud ft +Unxh vkSj dk; Z' kSyh esa dki +Qh i sQjcny dh ek¡x djrs gSaA nSfud
l e; &l kj.kh esa yphyki u mruk gh t +: jh gS ft ruh okf"kZd dSys.Mj osQ vey esa pqLrh] ft l l s
f' k{k.k osQ fy; s fu; r fnuksa dh l a[ ; k gdhdr cu l dsA f' k{k.k vkSj ewY; kadu dh fof/ ; k¡ Hkh bl
ckr dks r;  djsaxh fd ; g i kB~; i qLrd LowQy esa cPpksa osQ t hou dks ekufl d ncko rFkk cksfj; r
dh t xg [ kq' kh dk vuqHko cukus esa fdruh i zHkkoh fl ¼ gksrh gSA cks> dh l eL; k l s fui Vus osQ
fy; s i kB~; Øe fuekZrkvksa us fofHkUu pj.kksa esa Kku dk i qufuZ/ kj.k djrs l e;  cPpkas ds euksfoKku
, oa vè; ki u osQ fy; s mi yC/  l e;  dk è; ku j[ kus dh i gys l s v f/ d l psr dksf' k' k dh gSA bl
dksf' k' k dks vkSj xgjkus ds ; Ru esa ; g i kB~; i qLrd l ksp&fopkj vkSj foLe; ] NksVs l ewgksa esa ckrphr
, oa cgl  vkSj gkFk l s dh t kus okyh xfrfof/ ; ksa dks i zkFkfedrk nsrh gSA

, u-l h-bZ-vkj-Vh- bl  i qLrd dh jpuk osQ fy; s cukbZ xbZ i kB~; i qLrd fuekZ.k l fefr ds i fjJe
ds fy,  ÑrKrk O; Dr djrh gSA i fj"kn~ foKku , oa xf.kr ds l ykgdkj l ewg osQ vè; {k i zksi +Qsl j
t ; ar fo".kq ukjyhdj vkSj bl  i qLrd dh eq[ ;  l ykgdkj bfUnjk xk¡/ h jk"Vªh;  eqDr fo' ofo| ky;
dh i zksi sQl j i h- fl aDys; j dh fo' ks"k vkHkkjh gSA bl  i kB~; i qLrd osQ fodkl  esa dbZ f' k{kdksa us
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; ksxnku fn; k_ bl  ; ksxnku dks l aHko cukus osQ fy; s ge muds i zkpk; ks± osQ vkHkkjh gSaA ge mu l Hkh
l aLFkkvksa vkSj l axBuksa osQ i zfr ÑrK gSa ft Ugksaus v i us l al k/ uksa] l kexzh rFkk l g; ksfx; ksa dh enn ysus
esa gesa mnkjrki woZd l g; ksx fn; kA ge fo' ks"k : i  l s ekè; fed , oa mPprj f' k{kk foHkkx] ekuo
l al k/ u fodkl  ea=kky;  }kjk i zksi sQl j è.kky fejh vkSj i zksi sQl j t h- i h- ns' ki kaMs dh vè; {krk esa
xfBr jk"Vªh;  fujh{k.k l fefr }kjk i znÙk cgqewY;  l e;  , oa ; ksxnku ds fy,  Hkh ÑrK gSaA O; oLFkkxr
l q/ kjksa vkSj v i us i zdk' kuksa esa fujUrj fu[ kkj ykus ds i zfr l efi Zr , u-l h-bZ-vkj-Vh- fVIi f.k; ksa o
l q>koksa dk Lokxr djsxh ft ul s Hkkoh l a' kks/ uksa esa enn yh t k l osQA

u; h fnYyh funs' kd
20 fnl acj 2005 jk"Vªh;  ' kSf{kd vuql a/ ku vkSj i zf' k{k.k i fj"kn~
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i kB~; i qLrd  fuekZ. k l fefr

foKku , oa xf. kr  osQ l ykgdkj  l ewg osQ v è; {k

t ; ar fo".kq ukjyhdj] behfjVl  i zks-i sQl j] vè; {k] vkbZ-; w-l h-, -, -] x.ks' kf[ kaM] i wuk fo' ofo| ky; ] i wukA

eq[ ;  l ykgdkj

i h- fl aDys; j] i zks-i sQl j] foKku fo| ki hB] b-xk-jk-eq-fo-] u; h fnYyh

eq[ ;  l eUo; d

gqoqQe fl ag] i zks-i sQl j] Mh-bZ-, l -, e-] jk-' kS-v-i z-i -] u; h fnYyh

l nL;

vat yh yky] i h-t h-Vh- (xf.kr)] Mh-, -oh- i fCyd LowQy] l sDVj&14] xqM+xkao
vat w fu: yk] i h-t h-Vh- (xf.kr) ] Mh-, -oh- i fCyd Ldwy] i q"i kat yh baDyso] i hre i qjk] fnYyh
mn;  fl ag] ysDpjj] Mh-bZ-, l -, e-] jk-' kS-v-i z-i -] u; h fnYyh
, -osQ- o>yokj] i zks-i sQl j] Mh-bZ-, l -, e-] jk-' kS-v-i z-i -] u; h fnYyh
, l - osadVjeu] ysDpjj] foKku fo| ki hB] b-xk-jk-eq-fo- u; h fnYyh
t h-i h- nhf{kr] i zks-i sQl j] xf.kr vkSj [ kxksfydh foHkkx] y[ kuÅ fo' ofo| ky; ] y[ kuÅ
ds-, -, l -, l -oh- dkes' oj jko] ysDpjj] {ks=kh;  f' k{kk l aLFkku] Hkqous' oj
egsUæ vkj - xt js] i h-t h-Vh-] v rqy fo| ky; ] v rqy] ft yk oyl kn
egsUæ ' kadj] ysDpjj ( , l -t h-)  ( l sokfuòr)] jk-' kS-v-i z-i -] u; h fnYyh
jkek ckykt h] Vh-t h-Vh- (xf.kr)] ds-oh- esx vkSj dsUæ] l saV t kUl  jksM] caxykSj
osn MqMst +k] mi &i z/ kukpk; Z ( l sokfuòr)] jkt dh;  ckfydk ekè; fed fo| ky; ] l Sfud fogkj] fnYyh
l at ;  eqn~xy] ysDpjj] l h-vkbZ-bZ-Vh-] jk-' kS-v-i z-i -] u; h fnYyh
' kf' k/ j t xnh' ku] f' k{kd vkSj l nL; ] xojfuax dkWmafl y] l sUVj i QkWj yfuZax] caxYkkSj

fgUnh : i kar jd rkZ

t h-i h- nhf{kr] i zks-i sQl j] xf.kr vkSj [ kxksfydh foHkkx] y[ kuÅ fo' ofo| ky; ] y[ kuÅ
egsUæ ' kadj] ysDpjj ( , l -t h-)  ( l sokfuòr)] jk-' kS-v-i z-i -] u; h fnYyh
gjh' oj i zl kn fl Ugk] l h&210] jkt kt h i qje] y[ kuÅ

l nL; &l eUo; d

jke vorkj] i zks-i sQl j] Mh-bZ-, l -, e-] jk-' kS-v-i z-i -] u; h fnYyh ( fnl Ecj 2005 rd)
vkj-i h- ekS; Z] i zks-i sQl j] Mh-bZ-, l -, e-] jk-' kS-v-i z-i -] u; h fnYyh (t uojh 2006 l s)
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v kHkkj

i fj"kn~ i kB~; i qLrd dh l eh{kk osQ fy,  vk; ksft r dk; Z' kkyk osQ fuEufyf[ kr i zfrHkkfx; ksa dk

muosQ cgqewY;  ; ksxnku osQ fy,  gkfnZd vkHkkj i zdV djrh gS% , - osQ- l Dl Suk] i zksi sQl j

( l sokfuòr) ] y[ kuÅ fo' ofo| ky;  y[ kuÅ_ l quhy ct kt ] , p-vks-Mh- ( xf.kr) ]

, l -l h-bZ-vkj-Vh- gfj ; k.kk] xqM+xk¡o_ osQ- , y- vk; Z] i zksi sQl j  ( l sokfuòr) ] Mh-bZ-, l -, e-]

, u-l h-bZ-vkj-Vh-] ubZ fnYyh_ cafnrk dkyjk] ysDpjj] l okZsn;  dU; k fo| ky; ] fodkl  i qjh]

fMfLVªDV l saVj] ubZ fnYyh_ t xnh' k fl ag] i h-t h-Vh-] l Sfud LowQy] di wjFkyk_ i h- osQ- cXxk]

Vh-t h-Vh-] , l -ch-oh-] l qHkk"k uxj] ubZ fnYyh_ vkj-l h- egkuk] Vh-t h-Vh-] osQUæh;  fo| ky; ]

l acyi qj_ Mh-vkj- [ kaMos] Vh-t h-Vh-] t s-, u-oh- nq/ uksbZ] xksyi kM+k_ , l -, l - pV~Vksi kè; k; ]

, fl l VsaV ekLVj] fc/ ku uxj xouZesaV gkbZ LowQy] dksydkrk_ , u-, - l qt kFkk] Vh-t h-Vh-] osQ-oh- okLdks

u- 1] xksok_ v fdyk l gnsou] Vh-t h-Vh-] ds-oh- ehukacd~de] psUubZ_ , l -l h- jkÅrks] Vh-t h-Vh-]

l SaVªy LowQy i QkWj frCcrul ] el wjh_ l quhy i h- t sfo; j] Vh-t h-Vh-] , u-oh-] usjh; keayxe] , jukoqQye_

vfer ct kt ] Vh-t h-Vh-] l h-vkj-i h-, i Q i fCyd LowQy] jksfg.kh] fnYyh_ vkj-osQ- i k.Ms] Vh-t h-Vh-]

Mh-, e- Ldwy] vkj-vkbZ-bZ- Hkksi ky_ oh- ek/ oh] Vh-t h-Vh-] l aLÑfr LowQy] pk.kD; i qjh] ubZ fnYyh_

t h- Jh gfj ckcw] Vh-t h-Vh-] t s-, u-oh- dkxt +uxj] v fnykcknA

i fj"kn~ mu fo"k; &fo' ks"kKksa] f' k{kdksa , oa foHkkxh;  l nL; ksa dh Hkh vkHkkjh gS ft Ugksaus bl  i qLrd

osQ fgUnh l aLdj.k dh l eh{kk dh vkSj bl s v f/ d mi ; ksxh cukus gsrq egÙoi w.kZ l q>ko fn, %

uUnfd' kksj oekZ] ysDpjj] , p-bZ-, l -&II, xf.kr foHkkx] jkT;  ' kSf{kd vuq- , oa i zf' k- i fj-] gfj; k.kk]

xqMxk¡o_ jfoUæ fl ag i aokj] i h-t h-Vh-] , e-ch-Mh-, -oh- l hfu; j l S- LowQy] ; wl qi Q l jk; ] ubZ fnYyh_

vt ;  oqQekj fl ag] Vh-t h-Vh-] jket l  l h-l S- LowQy] u- 3, owQpk uVok] pk¡nuh pkSd] fnYyh_  l fork

xxZ] i h-t h-Vh-] l oksZn;  dU; k fo| ky; ] pkan uxj] ubZ fnYyh_  l q/ k xqIrk] Vh-t h-Vh-] l oksZn;  dU; k

fo| ky; ] vofUrdk] jksfg.kh] fnYyh_ jkt oqQekj Hkkj}kt ] Vh-t h-Vh-] jkt dh;  ekè; fed cky fo| ky; ]

,&Cykd] l qYrkui qjh] fnYyh_ v' kksd dqekj xqIrk] Vh-t h-Vh-] jkt dh;  mPprj ekè; fed fo| ky; ]

, l -; w- Cykd] i hrei qjk] fnYyh_ i h-osQ- frokjh] l gk; d vk; qDr ( l sokfuòr)] osQUæh;  fo| ky;

l axBu] ubZ fnYyh_  vkj-i h- ekS; Z] ( l eUo; d)  i zks-i sQl j] Mh-bZ-, l -, e-] , u-l h-bZ-vkj-Vh-A
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i fj"kn~ i qLrd fodkl  dh i zfØ; k esa l g; ksx osQ fy,  , e- pUæk] i zksi sQl j , oa foHkkxkè; {k]

Mh-bZ-, l -, e-] , u-l h-bZ-vkj-Vh- dh fo' ks"k : i  l s vkHkkjh gSA

i fj"kn~ daI; wVj i zHkkjh] nhi d di wj_ Mh-Vh-i h- vkWi jsVj] ujs' k oqQekj_ dkWi h l ai knd]

i zxfr Hkkj}kt  vkSj , y-vkj- Hkkjrh_ i zwi Q jhMj] ; ksfxrk ' kekZ osQ i z; kl ksa osQ i zfr Hkh vkHkkj i zdV

djrh gSA , -i h-l h- dk; kZy; ] Mh-bZ-, l -, e- dk i z' kkl u] i zdk' ku i zHkkx vkSj , u-l h-bZ-vkj-Vh-

l fpoky;  osQ ; ksxnku Hkh l jkguh;  gSaA

i fj"kn~] bl  l aLdj.k osQ i qul ±; kst u osQ fy,  i kB~; Øe] i kB~; i qLrd vkSj fo"k;  l kexzh osQ

fo' ys"k.k gsrq fn,  x,  egRoi w.kZ l g; ksx osQ fy,  , u-l h-bZ-vkj-Vh- osQ foKku ,oa xf.kr f' k{kk foHkkx

osQ l nL; ksaµ vk' kqrks"k o>yokj] i zks-i sQl j] Mh-bZ-, l -, e-] , u-l h-bZ-vkj-Vh-] u; h fnYyh_ Vh-i h- ' kekZ]

i zks-i sQl j] Mh-bZ-, l -, e-] , u-l h-bZ-vkj-Vh-] u; h fnYyh vkSj jkgqy l ksi QV] i h-t h-Vh-] , ; j i Qksl Z xksYMu

t wcyh LowQy] l qczrks i koZQ] u; h fnYyh_ xqji zhr HkVukxj] fj l ksl Z i l Zu] l h-ch-, l -bZ- osQ i zfr vkHkkj

O; Dr djrh gSA
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v è; k; 1

l a[ ; k i ¼fr

1.1 Hkwfedk

fi Nyh d{kkvksa esa] vki  l a[ ; k js[ kk osQ ckjs esa i <+ pqosQ gSa vkSj ogk¡ vki  ; g Hkh i <+
pqosQ gSa fd fofHkUu i zdkj dh l a[ ; kvksa dks l a[ ; k js[ kk i j  fdl  i zdkj fu: fi r fd; k
t krk gS (nsf[ k,  vkÑfr 1-1)A

v kÑfr  1-1 % l a[ ; k j s[ kk

dYi uk dhft ,  fd vki  ' kwU;  l s pyuk i zkjaHk djrs gSa vkSj bl  js[ kk i j  / ukRed fn' kk
esa pyrs t k jgs gSaA t gk¡ rd vki  ns[ k l drs gSa_ ogk¡ rd vki dks l a[ ; k, ¡] l a[ ; k, ¡ vkSj
l a[ ; k, ¡ gh fn[ kkbZ i M+rh gSaA

v kÑfr  1-2
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2 xf.kr

3
-40

166
22

-752 1 9

0Z3

40

16

74

5
2

601 422

58
0

-3

-757
-66-21
-40

31

71

3
40

16
745 2

601 29
58

0
W

9
40

16

74

5

2601
4652

58
031

1

7110

N

vc eku yhft ,  vki  l a[ ; k js[ kk i j  pyuk i zkjaHk djrs gSa vkSj oqQN l a[ ; kvksa dks
, df=kr djrs t k jgs gSaA bl  l a[ ; kvksa dks j [ kus osQ fy,  , d FkSyk rS; kj j f[ k, !

l aHko gS fd vki  1] 2] 3 vkfn t Sl h osQoy i zkÑr
l a[ ; kvksa dks mBkuk i zkjaHk dj jgs gksaA vki  t kurs gSa fd
; g l wph l nSo c<+rh gh t krh gSA (D; k vki  crk l drs
gSa fd , sl k D; ksa gS\ )  vr% vc vki  osQ FkSys esa v i fj fer
: i  l s vusd i zkÑr l a[ ; k, ¡ Hkj t krh gSa!  vki dks ; kn
gksxk fd ge bl  l axzg dks i zrhd N l s i zdV djrs gSaA

vc vki  ?kwe t kb,  vkSj foi jhr fn' kk esa pyrs gq,
' kwU;  dks mBkb,  vkSj ml s Hkh FkSys esa j[ k nhft , A vc
vki dks i w. kZ l a[ ; kv ksa (whole numbers) dk , d l axzg
i zkIr gks t krk gSA ft l s i zrhd W l s i zdV fd; k t krk gSA

vc] vki dks vusd&vusd Í .kkRed i w.kk±d fn[ kkbZ nsrs gSaA vki  bu l Hkh Í .kkRed
i w.kk±dksa dks v i us FkSys esa Mky nhft ,A D; k vki  crk l drs gSa fd vki dk ; g u; k l axzg
D; k gS\  vki dks ; kn gksxk fd ; g l Hkh i w. kk±dksa (integers) dk l axzg gS vkSj bl s i zrhd
Z l s i zdV fd; k t krk gSA

D; k vHkh Hkh js[ kk i j l a[ ; k, ¡ cph jgrh gSa\  fuf' pr : i  l s gh] js[ kk i j  l a[ ; k, ¡

cph jgrh gSaA ; s l a[ ; k, ¡  
1 3,
2 4

, ; k  
2005

2006


 t Sl h l a[ ; k, ¡ Hkh gSaA ; fn vki  bl  i zdkj dh

l Hkh l a[ ; kvksa dks Hkh FkSys esa Mky nsa] rc ; g i fj es;  l a[ ; kv ksa  (rational numbers)

Z D; ksa \
Z t eZu ' kCn “zahlen”

( t sgyhu)  l s fy; k x; k gS]
ft l dk vFkZ gS ^̂fxuuk**

vkSj “zahl” ( t gy) ft l dk
vFkZ gS ^̂ l a[ ; k**A
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l a[ ; k i ¼fr 3

Q

–6721
12

1
3

–1
9

81
16 1

4

20052006 –12
13

9
14

–6625

-65
60

19

19

999

0 –6
727 58

20052006

3

–5

16

60

999
4

–8
–6625

58
0

27

71

17
981

–12
13

89

–6
7

2
3

9
14

–

dk l axzg gks t k, xkA i fjes;  l a[ ; kvksa osQ l axzg dks Q l s i zdV fd; k t krk gSA vaxzst h ' kCn
“rational” dh O; qRi fÙk vaxzst h ' kCn “ratio” l s gqbZ gS vkSj v{kj Q vaxzst h ' kCn ‘quotient’
l s fy; k x; k gSA

vc vki dks ; kn gksxk fd i fjes;  l a[ ; kvksa dh i fjHkk"kk bl  i zdkj nh t krh gS %

l a[ ; k ‘r’ dks i fjes;  l a[ ; k dgk t krk gS] ; fn bl s p
q

 osQ : i  esa fy[ kk t k l drk

gks] t gk¡ p vkSj q i w.kk±d gSa vkSj q  0 gS ( ; gk¡ ge bl  ckr i j cy D; ksa nsrs gSa fd
q  0 gksuk pkfg, )A

vc vki  bl  ckr dh vksj è; ku nhft ,  fd FkSys esa j[ kh l Hkh l a[ ; kvksa dks 
p
q  osQ

: i  esa fy[ kk t k l drk gS] t gk¡  p vkSj q i w.kk±d gSa vkSj q  0 gSA mnkgj.k osQ fy, ] –25

dks 
25
1


 osQ : i  esa fy[ kk t k l drk gS_ ; gk¡ p = –25 vkSj q = 1 gSA bl  rjg ge ; g i krs

gSa fd i fjes;  l a[ ; kvksa osQ varxZr i zkÑr l a[ ; k, ¡] i w.kZ l a[ ; k, ¡ vkSj i w.kk±d Hkh vkrs gSaA

vki  ; g Hkh t kurs gSa fd i fjes;  l a[ ; kvksa dk 
p
q  osQ : i  esa vf}rh;  (unique)

fu: i .k ugha gksrk gS] t gk¡  p vkSj  q i w.kk±d gSa vkSj  q  0 gSA mnkgj.k osQ fy, ] 
1
2

 = 
2
4

 =

10
20

 = 
25
50

 = 
47
94

, vkfnA ; s i fjes;  l a[ ; k, ¡ rqY;  i fj es;  l a[ ; k, ¡ ( ; k fHkUu)  gSaA fi Qj

Hkh] t c ge ; g dgrs gSa fd  
p
q  , d i fjes;  l a[ ; k gS ; k t c ge 

p
q  dks , d l a[ ; k
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4 xf.kr

js[ kk i j  fu: fi r djrs gSa] rc ge ; g eku ysrs gSa fd q  0 vkSj   p vkSj  q dk 1 osQ
vfrfjDr vU;  dksbZ mHk; fu"B xq.ku[ kaM ugha gS [vFkkZr~ p vkSj  q vl gHkkT;  l a[ ; k, ¡

(coprime numbers) gSaºA vr% l a[ ; k js[ kk i j  
1
2

 osQ rqY;  v i fj fer : i  l s vusd fHkUuksa

esa l s ge 
1
2

 ysrs gSa t ks l Hkh dks fu: fi r djrh gSA

vkb,  vc ge fofHkUu i zdkj dh l a[ ; kvksa] ft udk vè; ; u vki  fi Nyh d{kkvksa es
dj pqosQ gSa] l s l acaf/ r oqQN mnkgj.k gy djsaA

mnkgj . k 1 % uhps fn,  x,  dFku l R;  gSa ; k v l R; \  dkj.k osQ l kFk vi us mÙkj nhft , A

(i) i zR; sd i w.kZ l a[ ; k , d i zkÑr l a[ ; k gksrh gSA

(ii) i zR; sd i w.kk±d , d i fjes;  l a[ ; k gksrk gSA

(iii) i zR; sd i fjes;  l a[ ; k , d i w.kk±d gksrh gSA

gy % (i) v l R;  gS] D; ksafd ' kwU;  , d i w.kZ l a[ ; k gS i jUrq i zkÑr l a[ ; k ugha gSA

(ii) l R;  gS] D; ksafd i zR; sd i w.kk±d m dks 
1
m

 osQ : i  esa fy[ kk t k l drk gS vkSj bl fy,

; g , d i fjes;  l a[ ; k gSA

(iii) vl R;  gS] D; ksafd 
3
5

 , d i w.kk±d ugha gSA

mnkgj . k 2 % 1 vkSj 2 osQ chp dh i k¡p i fjes;  l a[ ; k, ¡ Kkr dhft , A

bl  i z' u dks ge de l s de nks fof/ ; ksa l s gy dj l drs gSaA

gy 1 % vki dks ; kn gksxk fd r vkSj  s osQ chp dh , d i fjes;  l a[ ; k Kkr djus osQ fy,

vki  r vkSj s dks t ksM+rs gSa vkSj ml s nks l s Hkkx ns nsrs gSa] vFkkZr~ 
2

r s
,  r vkSj  s osQ chp

fLFkr gksrh gSA vr% 
3
2

,  1 vkSj  2 osQ chp dh , d l a[ ; k gSA bl h i zfØ; k esa vki  1 vkSj

2 osQ chp pkj vkSj  i fjes;  l a[ ; k, ¡ Kkr dj  l drs gSaA ; s pkj  l a[ ; k, ¡ gSa %

5 11 13 7, ,
4 8 8 4

vkSj A
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l a[ ; k i ¼fr 5

gy 2 % , d vU;  fodYi  gS fd , d gh pj.k esa l Hkh i k¡p i fjes;  l a[ ; kvksa dks Kkr
dj ysaA D; ksafd ge i k¡p l a[ ; k, ¡ Kkr djuk pkgrs gSa] bl fy,  ge 5 $ 1 vFkkZr~] 6 dks

gj ysdj 1 vkSj 2 dks i fjes;  l a[ ; kvksa osQ : i  esa fy[ krs gSaA vFkkZr~  1 = 
6
6

 vkSj  2 = 
12
6

gSaA rc vki  ; g ns[ k l drs gSa fd 
7 8 9 10, , ,
6 6 6 6

 vkSj  
11
6

 l Hkh 1 vkSj 2 osQ chp fLFkr

i fjes;  l a[ ; k, ¡ gSaA vr% 1 vkSj 2 osQ chp fLFkr l a[ ; k, ¡ gSa % 
7 4 3 5, , ,
6 3 2 3

 vkSj  
11
6

A

fVIi . kh % è; ku nhft ,  fd mnkgj.k 2 esa 1 vkSj 2 osQ chp fLFkr osQoy i k¡p i fjes;
l a[ ; k, ¡ gh Kkr djus osQ fy,  dgk x; k FkkA i jUrq vki us ; g vo' ;  vuqHko fd; k gksxk
fd oLrqr% 1 vkSj 2 osQ chp v i fj fer : i  l s vusd i fjes;  l a[ ; k, ¡ gksrh gSaA O; ki d
: i  esa] fdUgha nks nh gqbZ i fj es;  l a[ ; kv ksa osQ chp v i fj fer  : i  l s v usd i fjes;
l a[ ; k, ¡ gksrh gSaA

vkb,  ge l a[ ; k js[ kk dks i qu% ns[ ksaA D; k vki us bl  js[ kk i j  fLFkr l Hkh l a[ ; kvksa dks
ys fy; k gS\  vHkh rd rks ughaA , sl k gksus dk dkj.k ; g gS fd l a[ ; k js[ kk i j  v i fjfer
: i  l s vusd vkSj l a[ ; k, ¡ cph jgrh gSaA vki  }kjk mBk; h xbZ l a[ ; kvksa osQ LFkkuksa osQ chp
fjDr LFkku gSa vkSj fjDr LFkku u osQoy , d ; k nkss gSa] cfYd v i fj fer : i  l s vusd
gSaA vk' p; Zt ud ckr rks ; g gS fd fdUgh nks fjDr LFkkuksa osQ chp v i fj fer : i  l s vusd
l a[ ; k, ¡ fLFkr gksrh gSaA

vr%] gekjs l keus fuEufyf[ kr i z' u cps jg t krs gSa%

1. l a[ ; k js[ kk i j cph gqbZ l a[ ; kvksa dks D; k dgk t krk
gS\

2. bUgsa ge fdl  i zdkj i gpkurs gSa\  vFkkZr~ bu l a[ ; kvksa
vkSj i fjes;  l a[ ; kvksa osQ chp ge fdl  i zdkj Hksn
djrs gSa\

bu i z' uksa ds mÙkj vxys vuqPNsn esa fn,  t k, ¡xsA
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6 xf.kr

i z' ukoyh 1.1

1. D; k ' kwU;  , d i fjes;  l a[ ; k gS\  D; k bl s vki  
p
q  osQ : i  esa fy[ k l drs gSa] t gk¡

p  vkSj  q  i w.kk±d gSa vkSj q  0 gS?

2. 3 vkSj 4 osQ chp esa N% i fjes;  l a[ ; k, ¡ Kkr dhft , A

3.
3
5  vkSj  

4
5  osQ chp i k¡p i fjes;  l a[ ; k, ¡ Kkr dhft , A

4. uhps fn,  x,  dFku l R;  gSa ; k v l R; \  dkj.k osQ l kFk v i us mÙkj nhft , A

(i) i zR; sd i zkÑr l a[ ; k , d i w.kZ l a[ ; k gksrh gSA

(ii) i zR; sd i w.kk±d , d i w.kZ l a[ ; k gksrh gSA

(iii) i zR; sd i fjes;  l a[ ; k , d i w.kZ l a[ ; k gksrh gSA

1.2 v i fj es;  l a[ ; k, ¡

fi Nys vuqPNsn esa] geus ; g ns[ kk gS fd l a[ ; k js[ kk i j  , sl h l a[ ; k, ¡ Hkh gks l drh gSa
t ks i fjes;  l a[ ; k, ¡ ugha gSaA bl  vuqPNsn esa] vc ge bu l a[ ; kvksa i j  ppkZ djsaxsA vHkh

rd geus ft u l a[ ; kvksa i j  ppkZ dh gS] os 
p
q  osQ : i  dh jgh gSa] t gk¡ p vkSj  q i w.kk±d

gSa vkSj  q  0 gSA vr% vki  ; g i z' u dj l drs gSa fd D; k , sl h Hkh l a[ ; k, ¡ gSa t ks bl
: i  dh ugha gksrh gSa\  oLrqr% , sl h l a[ ; k, ¡ gksrh gSaA

yxHkx 400 l kú; qúi wú] xzhl  osQ i zfl ¼ xf.krK vkSj nk' kZfud

i kbFkkxksjl  osQ vuq; kf; ; ksa us bu l a[ ; kvksa dk l cl s i gys i rk

yxk; k FkkA bu l a[ ; kvksa dks v i fjes;  l a[ ; k, ¡ (irrational

numbers) dgk t krk gS] D; ksafd bUgsa i w.kk±dksa osQ vuqi kr osQ : i

esa ugha fy[ kk t k l drk gSA i kbFkkxksjl  ds , d vuq; k; h] ØksVksu

ds fgi kDl  }kjk i rk yxk; h xbZ v i fjes;  l a[ ; kvksa ds l aca/  esa

vusd fdaonafr; k¡ gSaA fgi kDl  dk , d nqHkkZX; i w.kZ var jgk] pkgs

bl dk dkj.k bl  ckr dh [ kkst  gks fd 2   , d vi fjes;  l a[ ; k

gS ; k bl  [ kkst  ds ckjs esa ckgjh nqfu; k dks mt kxj djuk gksA

i kbFkkxksj l
(569 l kñ ; qñ i wwñ – 479 l kñ ; qñ i wwñ)

v kÑfr  1-3
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l a[ ; k i ¼fr 7

20052006
3

–5

16

60

999

4

–8
–6625

58

0

27

71

17
981

–12
13

89

–6
7

2
3

9
14

-65
–66
26

-45

036

19

R

vkb,  vc ge bu l a[ ; kvksa dh vkSi pkfjd i fjHkk"kk nsaA

l a[ ; k ‘s’ dks v i fjes;  l a[ ; k (irrational number) dgk t krk gS] ; fn bl s p
q

 osQ

: i  esa u fy[ kk t k l drk gks] t gk¡ p vkSj  q i w.kk±d gSa vkSj  q  0 gSA

vki  ; g t kurs gSa fd v i fj fer : i  l s vusd i fjes;  l a[ ; k, ¡ gksrh gSaA bl h i zdkj]
v i fjes;  l a[ ; k, ¡ Hkh v i fj fer : i  l s vusd gksrh gSaA buosQ oqQN mnkgj.k gSa%

2, 3, 15,  , 0.10110111011110...

fVIi . kh % vki dks ; kn gksxk fd t c dHkh ge i zrhd ‘‘ ’’  dk i z; ksx djrs gSa] rc ge

; g ekudj pyrs gSa fd ; g l a[ ; k dk / ukRed oxZewy gSA vr% 4  = 2 gS, ; | fi  2
vkSj &2 nksuksa gh l a[ ; k 4 osQ oxZewy gSaA

Åi j nh xbZ oqQN vi fjes;  l a[ ; kvksa osQ ckjs esa vki  t kurs gSaA mnkgj.k osQ fy, ] Åi j
fn,  x,  vusd oxZewyksa vkSj l a[ ; k  l s vki  i fj fpr gks pqds gSaA

i kbFkkxksj l  osQ vuq; kf; ; ksa us ; g fl ¼ fd; k gS fd 2  , d vi fjes;  l a[ ; k gSA

ckn esa 425 bZ-i w- osQ vkl &i kl  l kbjhu osQ fFk; ksMksj l  us ; g n' kkZ; k Fkk fd

3, 5, 6, 7, 10, 11, 12, 13,  14, 15  vkSj  17  Hkh vi fjes;  l a[ ; k, ¡ gSaA

2 , 3 , 5 , vkfn dh vi fjes; rk (irrationality) dh mi i fÙk; ksa i j  ppkZ d{kk 10 esa dh

t k, xhA t gk¡ rd  dk l aca/  gS] gt kjksa o"kks± l s fofHkUu l aLÑfr; k¡ bl l s i fj fpr jgh gSa]
i jUrq 1700 bZ- osQ var esa gh ySEcVZ vkSj yst kUMªs us fl ¼ fd; k Fkk fd ; g , d v i fjes;
l a[ ; k gSA vxys vuqPNsn esa ge bl  ckr i j ppkZ djsaxs fd 0-10110111011110... vkSj
 vi fjes;  D; ksa gSaA

vkb,  ge fi Nys vuqPNsn osQ var esa mBk,  x,  i z' uksa
i j  i qu% fopkj djsaA bl ds fy,  i fjes;  l a[ ; kvksa okyk
FkSyk yhft , A vc ; fn ge FkSys esa l Hkh v i fjes;
l a[ ; k, ¡ Hkh Mky nsa] rks D; k vc Hkh l a[ ; k js[ kk i j
dksbZ l a[ ; k cph jgsxh\  bl dk mÙkj gS ¶ugha̧A vr%]
, d l kFk yh xbZ l Hkh i fjes;  l a[ ; kvksa vkSj v i fjes;
l a[ ; kvksa osQ l axzg l s t ks i zkIr gksrk gS] ml s okLr fod
l a[ ; kv ksa (real numbers) dk uke fn; k t kr k
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8 xf.kr

gS] ft l s R l s i zdV fd; k t krk gSA v r% okLr fod l a[ ; k ; k r ks i fj es;  ; k v i fjes;
l a[ ; k gks l d rh gSA v r% ge ; g dg l d rs gSa fd  i zR; sd okLr fod l a[ ; k dks
l a[ ; k j s[ kk ds , d  v f} rh;  fcUnq l s fu: fi r  fd; k t krk gSA l kFk gh] l a[ ; k j s[ kk
dk i zR; sd fcUnq , d  v f} rh;  okLr fod l a[ ; k dks fu: fi r  d j r k gSA ; gh dkj.k
gS fd l a[ ; k js[ kk dks okLr fod l a[ ; k j s[ kk (real number line) dgk t kr k gSA

1870 esa nks t eZu xf.krK oSQUVj vkSj
MsMsfoaQM us bl s fHkUu&fHkUu fof/ ; ksa
l s fl ¼ fd; k FkkA mUgksaus ; g fn[ kk; k
Fkk fd i zR; sd okLrfod l a[ ; k osQ
l axr okLrfod l a[ ; k js[ kk i j , d
fcUnq gksrk gS vkSj l a[ ; k js[ kk ds
i zR; sd fcUnq osQ l axr , d v f}rh;
okLrfod l a[ ; k gksrh gSA

vkb,  ns[ ksa fd l a[ ; k js[ kk i j  ge oqQN vi fjes;  l a[ ; kvksa dk LFkku fu/ kZj.k fdl
i zdkj dj l drs gSaA

mnkgj . k 3 % l a[ ; k js[ kk i j  2  dk LFkku fu/ kZj.k (dks fu: fi r)  dhft , A

gy % ; g l jyrk l s ns[ kk t k l drk gS fd fdl  i zdkj ; wukfu; ksa us 2
dk i rk yxk; k gksxkA , d , dd (ek=kd)  dh yackbZ dh Hkqt k okyk oxZ
OABC yhft ,  (nsf[ k,  vkÑfr 1.6)A rc vki  i kbFkkxksj l  i zes;  ykxw

djosQ ; g ns[ k l drs gSa fd OB =  2 21 1 2   gSA l a[ ; k js[ kk i j

ge 2  dks fdl  i zdkj fu: fi r djrs gSa\  , sl k l jyrk l s fd; k t k l drk gSA bl  ckr
dk è; ku j[ krs gq,  fd ' kh"kZ O ' kwU;  osQ l kFk l ai krh cuk jgs] vkÑfr 1-6 dks l a[ ; k js[ kk
i j  LFkkukarfjr dhft ,  (nsf[ k,  vkÑfr 1-7)A

v kÑfr  1-7

v kj - MsMsfoaQM ( 1831&1916)
v kÑfr  1-5

t h- oSQUVj  ( 1845&1918)
v kÑfr  1-4

v kÑfr  1-6
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l a[ ; k i ¼fr 9

vHkh vki us ns[ kk gS fd OB = 2  gSA , d i jdkj dh l gk; rk l s O dks osQUnz vkSj
OB dks f=kT; k ekudj , d pki  (arc) [ khafp,  t ks l a[ ; k js[ kk dks fcUnq P i j  dkVrk gSA rc
fcUnq P l a[ ; k js[ kk i j  2  osQ l axr gksrk gSA

mnkgj . k 4 % okLrfod l a[ ; k js[ kk i j  3  dk LFkku fu/ kZj.k dhft , A

gy % vkb,  ge vkÑfr  1.7 dks i qu% ysaA

v kÑfr  1-8

OB i j  , dd yackbZ okys yac BD dh jpuk dhft ,  ( t Sl k fd vkÑfr 1-8 esa fn[ kk; k

x; k gS)A rc i kbFkkxksj l  i zes;  ykxw djus i j ] gesa OD =  2 22 1 3   i zkIr gksrk gSA

, d i jdkj dh l gk; rk l s O dks osQUnz vkSj OD dks f=kT; k ekudj , d pki  [ khafp,  t ks

l a[ ; k js[ kk dks fcUnq Q i j  dkVrk gSA rc Q, 3  osQ l axr gSA

bl h i zdkj 1n   dk LFkku fu/ kZj.k gks t kus osQ ckn vki  n  dk LFkku fu/ kZj.k dj

l drs gSa] t gk¡ n , d / ukRed i w.kk±d gSA

i z' ukoyh 1.2

1. uhps fn,  x,  dFku l R;  gSa ; k v l R;  gSaA dkj.k osQ l kFk vi us mÙkj nhft , A

(i) i zR; sd v i fjes;  l a[ ; k , d okLrfod l a[ ; k gksrh gSA

(ii) l a[ ; k js[ kk dk i zR; sd fcUnq m  ds : i  dk gksrk gS] t gk¡ m , d i zkÑr l a[ ; k gSA

(iii) i zR; sd okLrfod l a[ ; k , d v i fjes;  l a[ ; k gksrh gSA

2. D; k l Hkh / ukRed i w.kk±dksa osQ oxZewy v i fjes;  gksrs gSa\  ; fn ugha] rks , d , sl h l a[ ; k osQ
oxZewy dk mnkgj.k nhft ,  t ks , d i fjes;  l a[ ; k gSA
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10 xf.kr

3. fn[ kkb,  fd l a[ ; k js[ kk i j 5  dks fdl  i zdkj fu: fi r fd; k t k l drk gSA

4. d{kk osQ fy,  fØ; kdyki  ( oxZewy l fi Zy dh
jpuk)  % dkxt  dh ,d cM+h ' khV yhft ,  vkSj uhps

nh xbZ fof/  l s ¶oxZewy l fi Zy¸  (square root spiral)

dh jpuk dhft ,A l cl s i gys ,d fcUnq O yhft ,  vkSj

, dd yackbZ dk js[ kk[ kaM (line segment) OP [ khafp,A
,dd yackbZ okys OP1 i j yac js[ kk[ kaM P1P2 [ khafp,

(nsf[ k,  vkÑfr 1-9)A vc OP2 i j yac js[ kk[ kaM P2P3

[ khafp, A rc OP3 i j yac js[ kk[ kaM P3P4 [ khafp,A

bl  i zfØ; k dks t kjh j[ krs gq,  OPn -1 i j , dd yackbZ okyk yac js[ kk[ kaM [ khapdj vki

js[ kk[ kaM Pn–1Pn  i zkIr dj l drs gSaA bl  i zdkj vki  fcUnq O, P1, P2, P3,..., Pn,... i zkIr dj ysaxs

vkSj mUgsa feykdj 2, 3, 4, ... dks n' kkZus okyk , d l qanj l fi Zy i zkIr dj ysaxsA

1.3  okLr fod l a[ ; k, ¡ v kSj  muosQ n' keyo i zl kj

bl  vuqPNsn esa] ge , d vyx ǹf"Vdks.k l s i fjes;  vkSj v i fjes;  l a[ ; kvksa dk vè; ; u

djsaxsA bl osQ fy,  ge okLrfod l a[ ; kvksa osQ n' keyo i zl kj (expansions) i j  fopkj

djsaxs vkSj ns[ ksaxs fd D; k ge i fjes;  l a[ ; kvksa vkSj v i fjes;  l a[ ; kvksa esa Hksn djus osQ

fy,  bu i zl kjksa dk i z; ksx dj l drs gSa ; k ughaA ; gk¡ ge bl  ckr dh Hkh O; k[ ; k djsaxs

fd okLrfod l a[ ; kvksa osQ n' keyo i zl kj dk i z; ksx djosQ fdl  i zdkj l a[ ; k js[ kk i j

okLrfod l a[ ; kvksa dks i znf' kZr fd; k t krk gSA D; ksafd ge v i fjes;  l a[ ; kvksa dh rqyuk

esa i fjes;  l a[ ; kvksa l s vf/ d i fjfpr gSa] bl fy,  ge v i uh ppkZ bUgha l a[ ; kvksa l s i zkjaHk

djsaxsA ; gk¡ buosQ rhu mnkgj.k fn,  x,  gSa % 
10 7 1, ,
3 8 7 A ' ks"ki Qyksa i j  fo' ks"k è; ku nhft ,

vkSj nsf[ k,  fd D; k vki  dksbZ i zfr: i  (pattern) i zkIr dj l drs gSaA

mnkgj . k 5 % 
10
3 , 

7
8  vkSj  

1
7  osQ n' keyo i zl kj Kkr dhft , A

v koQ̀fr  1.9 : oxZewy l £i y
dh j puk
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l a[ ; k i ¼fr 11

gy %

    3.333...     0.875       0.142857...
3 10 8 7.0 7 1.0
     9     64         7
     10       60         30
      9       56         28
     10         40           20
       9         40           14
       10          0             60
         9             56
         1              40

             35
               50
               49

       1

' ks"k : 1, 1, 1, 1, 1... ' ks"k : 6, 4, 0 ' ks"k : 3, 2, 6, 4, 5, 1,
Hkkt d  : 3 Hkkt d  : 8 3, 2, 6, 4, 5, 1,...

Hkkt d  : 7

; gk¡ vki us fdu&fdu ckrksa i j  è; ku fn; k gS\  vki dks de l s de rhu ckrksa i j  è; ku
nsuk pkfg, A

(i) oqQN pj.k osQ ckn ' ks"k ; k rks 0 gks t krs gSa ; k Lo; a dh i qujkòfÙk djuk i zkjaHk dj
nsrs gSaA

(ii) ' ks"kksa dh i qujkòfÙk Ük̀a[ kyk esa i zfof"V; ksa (entries) dh l a[ ; k Hkkt d l s de gksrh gS

(
1
3

 esa , d l a[ ; k dh i qujkòfÙk gksrh gS vkSj Hkkt d 3 gS] 
1
7

 esa ' ks"kksa dh i qujkòfÙk

Ük̀a[ kyk esa N% i zfof"V; k¡ 326451 gSa vkSj Hkkt d 7 gS)A

(iii) ; fn ' ks"kksa dh i qujkòfÙk gksrh gks] rks Hkkxi Qy (quotient) esa vadksa dk , d i qujkòfÙk

[ kaM i zkIr gksrk gS (
1
3
 osQ fy,  Hkkxi Qy esa 3 dh i qujkòfÙk gksrh gS vkSj 

1
7

 osQ fy,

Hkkxi Qy esa i qujkòfÙk [ kaM 142857 i zkIr gksrk gS)A
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12 xf.kr

; | fi  osQoy Åi j  fn,  x,  mnkgj.kksa l s geus ; g i zfr: i  i zkIr fd; k gS] i jUrq ; g 
p
q

(q  0) osQ : i  dh l Hkh i fjes;  l a[ ; kvksa i j  ykxw gksrk gSA q l s p oQks Hkkx nsus i j  nks eq[ ;
ckrsa ?kVrh gSa & ; k rks ' ks"k ' kwU;  gks t krk gS ; k dHkh Hkh ' kwU;  ugha gksrk gS vkSj rc gesa
' ks"ki Qyksa dh , d i qujkòfÙk  Ük̀a[ kyk i zkIr gksrh gSA vkb,  ge i zR; sd fLFkfr i j  vyx&vyx
fopkj djsaA

fLFkfr  (i) % ' ks"k ' kwU;  gks t kr k gSA
7
8

 okys mnkgj.k esa geus ; g ns[ kk gS fd oqQN pj.kksa osQ ckn ' ks"k ' kwU;  gks t krk gS vkSj

7
8

 dk n' keyo i zl kj 0-875 gSA vU;  mnkgj.k gSa % 
1
2

 = 0.5, 
639
250

 = 2.556 gSA bu l Hkh

fLFkfr; ksa esa oqQN i fj fer pj.kksa osQ ckn n' keyo i zl kj dk var gks t krk gSA ge , sl h
l a[ ; kvksa osQ n' keyo i zl kj dks l kar  (terminating) n' keyo dgrs gSaA

fLFkfr  (ii) : ' ks"k dHkh Hkh ' kwU;  ugha gksrk gSA

1
3

 vkSj  
1
7

 okys mnkgj.kksa esa] ge ; g i krs gSa fd oqQN pj.kksa osQ ckn ' ks"k dh i qujkòfÙk gksus

yxrh gS] ft l l s n' keyo i zl kj fujarj  t kjh jgrk gSA nwl js ' kCnksa esa] gesa Hkkxi Qy esa vadksa
dk , d i qujkòfÙk [ kaM i zkIr gksrk gSA rc ge ; g dgrs gSa fd ; g i zl kj v uol kuh

v kor hZ (non-terminating recurring) gSA mnkgj .k osQ fy, ] 
1
3

 = 0.3333... vkSj

1
7

 = 0.142857142857142857... gSA

; g fn[ kkus osQ fy,  fd 
1
3

 osQ Hkkxi Qy esa 3 dh i qujkòfÙk gksrh gS] ge bl s 0.3  osQ : i

esa fy[ krs gSaA bl h i zdkj] D; ksafd 
1
7

 osQ Hkkxi Qy esa vadksa osQ [ kaM 142857 dh i qujkòfÙk

gksrh gS] bl fy,  ge 
1
7

 dks 0.142857  osQ : i  esa fy[ krs gSa] t gk¡ vadksa osQ Åi j  yxk; k

x; k naM] vadksa osQ ml  [ kaM dks i zdV djrk gS ft l dh i qujkòfÙk gksrh gSA l kFk gh]
3-57272-- - dks 3.572  osQ : i  esa fy[ kk t k l drk gSA vr% bu l Hkh mnkgj.kksa l s
vuol kuh vkorZ ( i qujkòfÙk)  n' keyo i zl kj i zkIr gksrs gSaA bl  rjg ge ; g ns[ krs gSa fd
i fjes;  l a[ ; kvksa osQ n' keyo i zl kj osQ osQoy nks fodYi  gksrs gSa ; k rks os l kar  gksrs gSa
; k vuol kuh (v l kar)  vkorhZ gksrs gSaA
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l a[ ; k i ¼fr 13

bl osQ foi jhr vc vki  ; g eku yhft ,  fd l a[ ; k js[ kk i j  pyus i j  vki dks 3-142678
t Sl h l a[ ; k, ¡ i zkIr gksrh gSa ft l dk n' keyo i zl kj l kar gksrk gS ; k 1-272727---] vFkkZr~
1.27  t Sl h l a[ ; k i zkIr gksrh gS] ft l dk n' keyo i zl kj vuol kuh vkorhZ gSA bl l s D; k
vki  ; g fu"d"kZ fudky l drs gSa fd ; g , d i fjes;  l a[ ; k gS\  bl dk mÙkj gS] gk¡! bl s
ge fl ¼ ugha djsaxs] i jUrq oqQN mnkgj.k ysdj bl  rF;  dks i znf' kZr djsaxsA l kar fLFkfr; k¡
rks l jy gSaA

mnkgj . k 6 % fn[ kkb,  fd 3-142678 ,d i fjes;  l a[ ; k gSA nwl js ' kCnksa] esa 3-142678

dks 
p
q  osQ : i  esa O; Dr dhft , ] t gk¡ p vkSj  q i w.kk±d gSa vkSj  q  0 gSA

gy % ; gk¡ 3.142678 = 
3142678
1000000

 gSA vr% ; g , d i fjes;  l a[ ; k gSA

vkb,  vc ge ml  fLFkfr i j  fopkj djsa] t cfd n' keyo i zl kj vuol kuh vkorhZ gksA

mnkgj . k 7 % fn[ kkb,  fd 0-3333---  = 0 3.  dks 
p
q  osQ : i  esa O; Dr fd; k t k l drk gS]

t gk¡ p vkSj  q i w.kk±d gSa vkSj  q  0 gSA

gy % D; ksafd ge ; g ugha t kurs gSa fd 0 3.  D; k gS] vr% vkb,  bl s ge ‘x’ eku ysaA

x = 0.3333...

vc] ; gh og fLFkfr gS t gk¡ gesa dqN ; qfDr yxkuh i M+sxhA

; gk¡] 10 x = 10 × (0.333...) = 3.333...

vc] 3.3333... = 3 + x, pw¡fd x = 0.3333... gSA

bl fy, ] 10 x = 3 + x

x osQ fy,  gy djus i j ] gesa ; g i zkIr gksrk gS%
9x = 3

vFkkZr~] x =
1
3

mnkgj . k 8 % fn[ kkb,  fd  1.272727... = 1 27.  dks 
p
q  osQ : i  esa O; Dr fd; k t k l drk

gS] t gk¡  p vkSj  q i w.kk±d gSa vkSj  q  0 gSA
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14 xf.kr

gy % eku yhft ,  x = 1.272727... gSA D; ksafd ; gk¡ nks vadksa dh i qujkòfÙk gS] bl fy,  ge
x dks 100 l s xq.kk djrs gSaA , sl k djus i j] gesa ; g i zkIr gksrk gS %

100 x = 127.2727...

vr%] 100 x = 126 + 1.272727... = 126 + x

bl fy, ] 100 x – x = 126, vFkkZr~99 x = 126

vFkkZr~] x =
126 14
99 11



vki  bl osQ bl  foykse dh t k¡p dj l drs gSa fd 
14
11

 = 1 27.  gSA

mnkgj . k 9 % fn[ kkb,  fd 0.2353535... = 0 235.  dks 
p
q  osQ : i  esa O; Dr dj l drs gSa]

t gk¡   p vkSj q i w.kkZad gSa vkSj q  0 gSA

gy % eku yhft ,  x = 0 235.  gSA ; gk¡ ; g nsf[ k,  fd 2 dh i qujkòfÙk ugha gksrh gS] i jUrq
[ kaM 35 dh i qujkòfÙk gksrh gSA D; ksafd nks vadksa dh i qujkòfÙk gks jgh gS] bl fy,  ge
x dks 100 l s xq.kk djrs gSaA , sl k djus i j ] gesa ; g i zkIr gksrk gS %

100 x = 23.53535...

bl fy, ] 100 x = 23.3 + 0.23535... = 23.3 + x

vr%] 99 x = 23.3

vFkkZr~] 99 x =
233
10

, ft l l s x = 
233
990

 gqvkA

vki  bl osQ foykse] vFkkZr~  
233
990

 = 0 235.  dh Hkh t k¡p dj l drs gSaA

vr% vuol kuh vkorhZ n' keyo i zl kj okyh i zR; sd l a[ ; k dks 
p
q  (q  0) osQ : i  esa

O; Dr fd; k t k l drk gS] t gk¡  p vkSj  q i w.kk±d gSaA vkb,  ge v i us i fj.kkeksa dks l a{ksi  esa
bl  i zdkj O; Dr djsa%
, d i fjes;  l a[ ; k dk n' keyo i zl kj ; k rks l kar gksrk gS ; k vuol kuh vkorhZ gksrk gSA
l kFk gh] og l a[ ; k] ft l dk n' keyo i zl kj l kar ; k vuol kuh vkorhZ gS] , d i fjes;
l a[ ; k gksrh gSA
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l a[ ; k i ¼fr 15

vc ge ; g t kurs gSa fd i fjes;  l a[ ; k dk n' keyo i zl kj D; k gks l drk gSA vc i z' u
mBrk gSa fd v i fjes;  l a[ ; kvksa dk n' keyo i zl kj D; k gksrk gS\  Åi j  crk,  x,  xq.k osQ
vuql kj ge ; g fu"d"kZ fudky l drs gSa fd bu l a[ ; kvksa osQ n' keyo i zl kj v uol kuh
v ukorhZ (non-terminating non-recurring) gSaA vr% Åi j  i fjes;  l a[ ; kvksa ds fy,
crk,  x,  xq.k osQ l eku  v i fjes;  l a[ ; kvksa dk xq.k ; g gksrk gS%

, d v i fjes;  l a[ ; k dk n' keyo i zl kj vuol kuh vukorhZ gksrk gSA foykser% og l a[ ; k
ft l dk n' keyo i zl kj vuol kuh vukorhZ gksrk gS] v i fjes;  gksrh gSA

fi Nys vuqPNsn esa geus , d v i fjes;  l a[ ; k 0.10110111011110... dh ppkZ dh FkhA eku
yhft ,  fd s = 0.10110111011110... gSA è; ku nhft ,  fd ; g vuol kuh vukorhZ gSA vr%
Åi j crk,  x,  xq.k osQ vuql kj ; g vi fjes;  gSA l kFk gh] ; g Hkh è; ku nhft ,  fd vki
s osQ l e: i  v i fj fer : i  l s vusd v i fjes;  l a[ ; k, ¡ t fur dj l drs gSaA

l qi zfl ¼ v i fjes;  l a[ ; kvksa 2  vkSj   osQ l aca/  esa vki  D; k t kurs gSa\ ; gk¡ oqQN pj.k

rd muosQ n' keyo i zl kj fn,  x,  gSa%

2  = 1.4142135623730950488016887242096...

 = 3.14159265358979323846264338327950...

(è; ku nhft ,  fd ge i zk; % 
22
7

 dks  dk , d l fUudV eku ekurs gSa] t cfd    
22
7

gSA)

o"kks± l s xf.krKksa us v i fjes;  l a[ ; kvksa osQ n' keyo i zl kj esa vf/ d l s vf/ d vadksa
dks mRi Uu djus dh fofHkUu rduhd fodfl r dh gSaA mnkgj.k osQ fy, ] l aHkor% vki us
foHkkt u fof/  (division method) l s 2  osQ n' keyo i zl kj esa vadksa dks Kkr djuk
vo' ;  gh l h[ kk gksxkA ; g , d jkspd ckr gS fd l qYcl w=kksa ( t hok&fu; eksa) esa] t ks oSfnd
; qx (800 bZ-i w- & 500 bZ-i w-)  ds xf.krh;  xzaFk gSa] gesa 2  dk , d l fUudV eku i zkIr
gksrk gS] t ks ; g gS%

2  = 
1 1 1 1 1 11 1 4142156
3 4 3 34 4 3

.            
   

è; ku nhft ,  fd ; g ogh gS t ks fd Åi j  i zFke i k¡p n' keyo LFkkuksa rd osQ fy,  fn; k
x; k gSA  osQ n' keyo i zl kj esa vfèkd l s vf/ d vad i zkIr djus dk bfrgkl  dki Qh
jkspd jgk gSA
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16 xf.kr

; wuku dk i zcq¼ O; fDr vkoZQfeMht  gh og i gyk O; fDr Fkk
ft l us  osQ n' keyo i zl kj esa vadksa dks v fHkdfyr fd; k
FkkA ml us ; g fn[ kk; k fd 3.140845 <  < 3.142857 gksrk gSA
vk; ZHkV~V (476 – 550 bZñ) us t ks , d egku Hkkjrh;  xf.krK
vkSj [ kxksyfon Fks] pkj n' keyo LFkkuksa rd ' kq¼   dk eku
(3-1416)  Kkr fd; k FkkA mPp pky oaQI; wVjksa vkSj mUur
dyu fof/ ; ksa (algorithms) dk i z; ksx djosQ 1-24 fVªfy; u
l s Hkh v f/ d n' keyo LFkkuksa rd   dk eku v fHkdfyr
fd; k t k pqdk gSA

vkb,  vc ge ns[ ksa fd fdl  i zdkj vi fjes;  l a[ ; k, ¡ i zkIr dh t krh gSaA

mnkgj . k 10 % 
1
7

 vkSj  
2
7

 osQ chp dh , d v i fjes;  l a[ ; k Kkr dhft , A.

gy % geus ns[ kk gS fd 
1
7

 = 0142857.  gSA

vr% ge l jyrk l s ; g i fjdfyr dj l drs gSa fd 2 0 285714
7

.  gSA

1
7

 vkSj 
2
7

 osQ chp dh , d vi fjes;  l a[ ; k Kkr djus osQ fy, ] ge , d , sl h l a[ ; k Kkr

djrs gSa t ks bu nksuksa osQ chp fLFkr vuol kuh vukorhZ gksrh gSA bl  i zdkj oQh vki
v i fj fer : i  l s vusd l a[ ; k, ¡ Kkr dj l drs gSaA bl  i zdkj dh l a[ ; k dk , d mnkgj.k
0-150150015000150000- - - gSA

i z' ukoyh  1.3

1. fuEufyf[ kr fHkUuksa dks n' keyo : i  esa fyf[ k,  vkSj crkb,  fd i zR; sd dk n' keyo i zl kj
fdl  i zdkj dk gS %

(i)
36

100 (ii)
1

11
(iii)

14
8

(iv)
3

13 (v)
2

11
(vi)

329
400

2. vki  t kurs gSa fd 
1
7  = 0142857.  gSA okLro esa] yack Hkkx fn,  fcuk D; k vki  ; g crk l drs

v koZQfeMht
( 287 l kñ ; qñ i wñ &212 l kñ ; qñ i wñ)

v kÑfr  1-10
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l a[ ; k i ¼fr 17

gSa fd 
2
7 , 

3
7 , 

4
7 , 

5
7 , 

6
7  osQ n' keyo i zl kj D; k gSa\  ; fn gk¡] rks oSQl s\

[l aosQr  % 
1
7  dk eku Kkr djrs l e;  ' ks"ki Qyksa dk vè; ; u l ko/ kuh l s dhft , A]

3. fuEufyf[ kr dks 
p
q  osQ : i  esa O; Dr dhft , ] t gk¡ p vkSj q i w.kk±d gSa rFkk q  0 gS%

(i) 0 6. (ii) 0 47. (iii) 0 001.

4.  0.99999. . . dks 
p
q  osQ : i  esa O; Dr dhft , A D; k vki  v i us mÙkj l s vk' p; Zpfdr gS\

v i us vè; ki d vkSj d{kk osQ l g; ksfx; ksa osQ l kFk mÙkj dh l kFkZdrk i j ppkZ dhft , A

5.
1

17  osQ n' keyo i zl kj esa vadksa osQ i qujkòfÙk [ kaM esa vadksa dh v f/ dre l a[ ; k D; k gks

l drh gS\  v i us mÙkj dh t k¡p djus osQ fy,  foHkkt u&fØ; k dhft , A

6.
p
q  (q  0) osQ : i  dh i fjes;  l a[ ; kvksa osQ vusd mnkgj.k yhft , ] t gk¡ p vkSj  q i w.kkZad

gSa] ft udk 1 osQ vfrfjDr vU;  dksbZ mHk; fu"B xq.ku[ kaM ugha gS vkSj ft l dk l kar n' keyo
fu: i .k ( i zl kj)  gSA D; k vki  ; g vuqeku yxk l drs gSa fd q dks dkSu&l k xq.k vo' ;
l arq"V djuk pkfg, \

7. , sl h rhu l a[ ; k, ¡ fyf[ k,  ft uosQ n' keyo i zl kj vuol kuh vukorhZ gksaA

8. i fjes;  l a[ ; kvksa 
5
7  vkSj  

9
11

 osQ chp dh rhu vyx&vyx v i fjes;  l a[ ; k, ¡ Kkr dhft , A

9. crkb,  fd fuEufyf[ kr l a[ ; kvksa esa dkSu&dkSu l a[ ; k, ¡ i fjes;  vkSj dkSu&dkSu l a[ ; k, ¡
v i fjes;  gSa%
(i) 23 (ii) 225 (iii) 0.3796

(iv) 7.478478... (v) 1.101001000100001...

1.4  okLr fod l a[ ; kv ksa i j  l afØ; k, ¡

fi Nyh d{kkvksa esa] vki  ; g i <+ pqosQ gSa fd i fjes;  l a[ ; k, ¡ ; ksx vkSj xq.ku osQ
Øefofues;  (commutative), l kgp; Z (associative) vkSj caVu (distributive) fu; eksa dks
l arq"V djrh gSa vkSj ge ; g Hkh i <+ pqosQ gSa fd ; fn ge nks i fjes;  l a[ ; kvksa dks t ksM+sa]
?kVk, ¡] xq.kk djsa ; k ( ' kwU;  NksM+dj)  Hkkx nsa] rc Hkh gesa , d i fjes;  l a[ ; k i zkIr gksrh gS
[vFkkZr~ t ksM+] ?kVkuk] xq.kk vkSj Hkkx osQ l ki s{k i fjes;  l a[ ; k, ¡ l aòr (closed) gksrh gSa]A ; gk¡

    
    

    
    

 @
KTBS 

NOT TO BE R
EPUBLIS

HED



18 xf.kr

ge ; g Hkh ns[ krs gSa fd v i fjes;  l a[ ; k, ¡ Hkh ; ksx vkSj xq.ku osQ Øefofues; ] l kgp; Z vkSj
caVu&fu; eksa dks l arq"V djrh gSaA i jUrq] v i fjes;  l a[ ; kvksa osQ ; ksx] varj] Hkkxi Qy vkSj

xq.kui Qy l nk v i fjes;  ugha gksrs gSaA mnkgj.k osQ fy, ]        2 2 3 3,   vkSj

17
17

 i fjes;  l a[ ; k, ¡ gSaA

vkb,  vc ; g ns[ ksa fd t c , d i fjes;  l a[ ; k esa v i fjes;  l a[ ; k t ksM+rs gSa vkSj , d
i fjes;  l a[ ; k dks , d vi fjes;  l a[ ; k l s xq.kk djrs gSa] rks D; k gksrk gSA

mnkgj.k osQ fy, ] 3  , d v i fjes;  l a[ ; k gSA rc 2 3  vkSj  2 3  D; k gSa\ D; kasfd

3  , d vuol kuh vukorhZ n' keyo i zl kj gS] bl fy,  ; gh ckr  2 3  vkSj  2 3  osQ

fy,  Hkh l R;  gSA vr% 2 3  vkSj  2 3  Hkh vi fjes;  l a[ ; k, ¡ gSaA

mnkgj . k 11 : t k¡p dhft ,  fd  7 5 , 
7 2 21 2
5

, ,    vi fjes;  l a[ ; k, ¡ gSa ; k ughaA

gy  : 5  = 2.236... , 2  = 1.4142...,  = 3.1415... gSaA

rc 7 5  = 15.652..., 
7
5  = 

7 5 7 5
55 5

  = 3.1304... gSaA

2  + 21 = 22.4142...,  – 2 = 1.1415...

; s l Hkh vuol kuh vukorhZ n' keyo gSaA vr% ; s l Hkh v i fjes;  l a[ ; k, ¡ gSaA

mnkgj . k 12 : 2 2 5 3  vkSj  2 3 3–  dks t ksfM+, A

gy  :    2 2 5 3 2 3 3–   =    2 2 2 5 3 3 3– 

                 = (2 + 1) 2 (5 3) 3 3 2 2 3   

mnkgj . k 13 : 6 5  dks 2 5  l s xq.kk dhft , A

gy  : 6 5  × 2 5  = 6 × 2 × 5  × 5  = 12 × 5 = 60
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l a[ ; k i ¼fr 19

mnkgj . k 14 : 8 15  dks 2 3  l s Hkkx nhft , A

gy  : 8 3 5 8 3 58 15 2 3 4 5
2 3 2 3
 

   

bu mnkgj.kksa l s vki  fuEufyf[ kr rF; ksa osQ gksus dh vk' kk dj l drs gSa t ks l R;  gSa%

(i) , d i fjes;  l a[ ; k vkSj , d v i fjes;  l a[ ; k dk t ksM+ ; k ?kVkuk v i fjes;  gksrk gSA

(ii) , d v i fjes;  l a[ ; k osQ l kFk , d ' kwU; srj (non-zero) i fjes;  l a[ ; k dk xq.kui Qy ; k
Hkkxi Qy vi fjes;  gksrk gSA

(iii) ; fn ge nks v i fjes;  l a[ ; kvksa dks t ksM+sa] ?kVk; sa] xq.kk djsa ; k , d v i fjes;  l a[ ; k dks
nwl jh v i fjes;  l a[ ; k l s Hkkx nsa] rks i fj .kke i fjes;  ; k v i fjes;  dqN Hkh gks
l drk gSA

vc ge v i uh ppkZ okLrfod l a[ ; kvksa osQ oxZewy fudkyus dh l afØ; k (operation)
i j  djsaxsA vki dks ; kn gksxk fd ; fn a  , d i zkÑr l a[ ; k gS] rc a b  dk vFkZ gS
b2 = a  vkSj  b > 0 A ; gh i fjHkk"kk / ukRed okLrfod l a[ ; kvksa i j Hkh ykxw dh t k l drh
gSA

eku yhft ,   a > 0 , d okLrfod l a[ ; k gSA rc a  = b dk vFkZ gS  b2 = a vkSj  b > 0
gSA

vuqPNsn 1-2 esa] geus ; g ns[ kk gS fd fdl  i zdkj
l a[ ; k js[ kk i j  n  dks] t gk¡  n , d / ukRed i w.kk±d
gS] fu: fi r fd; k t krk gSA vc ge ; g fn[ kk, ¡xs fd
fdl  i zdkj  x  dks] t gk¡  x  , d nh gqbZ / ukRed
okLrfod l a[ ; k gS] T; kferh;  (geometrically) : i
l s  Kkr fd; k t krk gSA mnkgj.k ds fy, ] vkb,  ge
bl s x = 3.5 ds fy,  i zkIr djsaA vFkkZr~ ge 3.5  dks
T; kehrh;  : i  l s i zkIr djsaxsA

, d nh gqbZ js[ kk i j  , d fLFkj fcUnq A  l s 3.5 , dd dh nwjh i j  fpÉ yxkus i j  , d , sl k
fcUnq  B i zkIr gksrk gS] ft l l s fd  AB = 3.5 , dd (nsf[ k,  vkÑfr 1.11)A B l s 1 , dd
dh nwjh i j  fpÉ yxkb,  vkSj bl  u,  fcUnq dks C eku yhft ,A AC dk eè; &fcUnq Kkr

v koQ̀fr   1.11
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20 xf.kr

dhft ,  vkSj ml  fcanq dks  O eku yhft ,A  O dks osQUnz vkSj  OC dks f=kT; k ekudj , d
v/ ZòÙk cukb,A AC i j  yac , d , sl h js[ kk [ khafp,  t ks B l s gksdj t krh gks vkSj
v/ ZòÙk dks  D i j  dkVrh gksA rc BD = 3.5  gSA

vf/ d O; ki d : i  esa] x  dk eku Kkr djus osQ
fy, ] t gk¡ x , d / ukRed okLrfod l a[ ; k gS] , d
, sl k fcanq B ysrs gSa] ft l l s fd AB = x , dd gks
vkSj t Sl k fd vkòQfr 1-12 esa fn[ kk; k x; k gS] , d
, sl k fcanq  C yhft ,  ft l l s fd BC = 1 , dd gksA
rc] t Sl k fd geus fLFkfr  x = 3.5  osQ fy,  fd; k

gS] gesa  BD = x  i zkIr gksxk (vkòQfr 1.12)A

ge bl  i fj.kke dks i kbFkkxksj l  i zes;  dh l gk; rk l s fl ¼ dj l drs gSaA

è; ku nhft ,  fd vkòQfr  1.12  esa]  OBD , d l edks.k f=kHkqt  gSA òÙk dh f=kT; k  
1

2
x 

, dd gSA

vr%, OC = OD = OA = 
1

2
x 

 , dd

vc] OB = 
1 1

2 2
x xx      

 

vr%] i kbFkkxksjl  i zes;  ykxw djus i j ] gesa ; g i zkIr gksrk gS%

BD2 = OD2 – OB2 = 
2 21 1 4

2 2 4
x x x x         

   

bl l s ; g i rk pyrk gS fd  BD = x  gSA

bl  jpuk l s ; g n' kkZus dh , d fp=kh;  vkSj T; kferh;  fof/  i zkIr gks t krh gS fd l Hkh

okLrfod l a[ ; kvksa  x > 0  osQ fy, ] x  dk vfLrRo gSA ; fn ge l a[ ; k js[ kk i j  x  dh

fLFkfr t kuuk pkgrs gSa] rks vkb,  ge js[ kk  BC  dks l a[ ; k js[ kk eku ysa]  B dks ' kwU;  eku
ysa vkSj  C dks 1 eku ysa] vkfn&vkfnA B  dks osQUnz vkSj BD dks f=kT; k ekudj , d pki

[ khafp,  t ks l a[ ; k js[ kk dks E i j  dkVrk gS (nsf[ k,  vkÑfr 1-13)A rc E, x  fu: fi r
djrk gSA

v koQ̀fr   1.12
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l a[ ; k i ¼fr 21

v koQ̀fr   1.13

vc ge oxZewy dh vo/ kj.kk dks ?kuewyksa] prqFkZewyksa vkSj O; ki d : i  l s  nosa ewyksa]
t gk¡  n , d / ukRed i w.kk±d gS] i j  ykxw djuk pkgsaxsA vki dks ; kn gksxk fd fi Nyh d{kkvksa
esa vki  oxZewyksa vkSj ?kuewyksa dk vè; ; u dj pqosQ gSaA
3 8  D; k gS\  ge t kurs gSa fd ; g , d / ukRed l a[ ; k gS ft l dk ?ku 8 gS] vkSj vki us

; g vo' ;  vuqeku yxk fy; k gksxk fd  3 8  = 2 gSA vkb,  ge  5 243   dk eku Kkr djsaA

D; k vki  , d , sl h l a[ ; k  b t kurs gSa ft l l s fd  b5 = 243 gks\ mÙkj gS 3] vr%]
5 243  = 3 gqvkA

bu mnkgj.kksa l s D; k vki  n a  i fjHkkf"kr dj l drs gSa] t gk¡  a > 0 , d okLrfod l a[ ; k

gS vkSj  n , d / ukRed i w.kk±d gS\

eku yhft ,   a > 0  , d okLrfod l a[ ; k gS vkSj  n  , d / ukRed i w.kk±d gSA rc
n a  = b, t cfd  bn = a vkSj  b > 0A è; ku nhft ,  fd 32 8 n, , a  vkfn esa i z; qDr

i zrhd ^̂ ** dks dj.kh fpÉ (radical sign) dgk t krk gSA

vc ge ; gk¡ oxZewyksa l s l acaf/ r oqQN l oZl fedk, ¡ (identities)  ns jgs gSa t ks fofHkUu
fof/ ; ksa l s mi ; ksxh gksrh gSaA fi Nyh d{kkvksa esa vki  buesa l s oqQN l oZl fedkvksa l s i fjfpr
gks pqosQ gSaA ' ks"k l oZl fedk, ¡ okLrfod l a[ ; kvksa osQ ; ksx i j  xq.ku osQ caVu fu; e l s vkSj
l oZl fedk (x + y) (x – y) = x2 – y2  l s] t gk¡  x vkSj  y  okLrfod l a[ ; k, ¡ gSa] i zkIr
gksrh gSaA

eku yhft ,   a vkSj   b / ukRed okLrfod l a[ ; k, ¡ gSaA rc]

(i) ab a b (ii)
a a
b b


(iii)    a b a b a b    (iv)     2a b a b a b   
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22 xf.kr

(v)    a b c d ac ad bc bd     

(vi)  2
2a b a ab b   

vkb,  ge bu l oZl fedkvksa dh oqQN fo' ks"k fLFkfr; ksa i j  fopkj djsaA

mnkgj . k 15 : fuEufyf[ kr O; at dksa dks l jy dhft , %

(i)    5 7 2 5  (ii)    5 5 5 5 

(iii)  2
3 7 (iv)    11 7 11 7 

gy  : (i)    5 7 2 5 10 5 5 2 7 35     

(ii)      2
25 5 5 5 5 5 25 5 20–     

(iii)      2 2 2
3 7 3 2 3 7 7 3 2 21 7 10 2 21        

(iv)        2 2
11 7 11 7 11 7 11 7 4      

fVIi . kh : è; ku nhft ,  fd Åi j  osQ mnkgj.k esa fn,  x,  ' kCn ¶l jy djuķ  dk vFkZ ; g
gS fd O; at d dks i fjes;  l a[ ; kvksa vkSj v i fjes;  l a[ ; kvksa osQ ; ksx osQ : i  esa fy[ kuk
pkfg, A

ge bl  l eL; k i j fopkj djrs gq,  fd  
1
2  l a[ ; k js[ kk i j dgk¡ fLFkr gS] bl  vuqPNsn

dks ; gha l ekIr djrs gSaA ge t kurs gSa fd ; g , d v i fjes;  gSA ; fn gj , d i fjes;
l a[ ; k gks] rks bl s l jyrk l s gy fd; k t k l drk gSA vkb,  ge ns[ ksa fd D; k ge bl ds
gj dk i fjes; dj.k (rationalise) dj l drs gSa] vFkkZr~ D; k gj dks , d i fjes;  l a[ ; k esa
i fjo£rr dj l drs gSaA bl osQ fy,  gesa oxZewyksa l s l acaf/ r l oZl fedkvksa dh vko' ; drk
gksrh gSA vkb,  ge ns[ ksa fd bl s oSQl s fd; k t k l drk gSA

mnkgj . k 16 : 
1
2 osQ gj dk i fjes; dj.k dhft , A

gy  : ge 
1
2  dks ,d , sl s rqY;  O; at d osQ : i  esa fy[ kuk pkgrs gSa] ft l esa gj , d i fjes;  l a[ ; k
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l a[ ; k i ¼fr 23

gksA ge t kurs gSa fd 2 . 2  i fjes;  gSA ge ; g Hkh t kurs gSa fd  
1
2  dks 

2
2

 l s xq.kk djus

i j gesa , d rqY;  O; at d i zkIr gksrk gS] D; ksafd 
2
2

 = 1 gSA vr% bu nks rF; ksa dks , d l kFk ysus

i j] gesa ; g i zkIr gksrk gS%

1 1 2 2
22 2 2

  

bl  : i  esa 
1
2  dks l a[ ; k js[ kk i j LFkku fu/ kZj.k l jy gks t krk gSA ; g 0  vkSj 2 osQ eè;  fLFkr

gSA

mnkgj . k 17 : 
1

2 3
 osQ gj dk i fjes; dj.k dhft , A

gy  : bl osQ fy,  ge Åi j nh xbZ l oZl fedk (iv) dk i z; ksx djrs gSaA  
1

2 3  dks 2 3  l s

xq.kk djus vkSj Hkkx nsus i j] gesa ; g i zkIr gksrk gS%

 
1 2 3 2 3 2 3

4 32 3 2 3
 

   
 

mnkgj . k 18 : 5
3 5

 osQ gj dk i fjes; dj.k dhft , A

gy  : ; gk¡ ge Åi j nh xbZ l oZl fedk (iii) dk i z; ksx djrs gSaA

vr%]
5

3 5  = 
   

5 3 55 3 5 5 3 5
3 5 23 5 3 5

         

mnkgj . k 19 : 
1

7 3 2
 osQ gj dk i fjes; dj.k dhft , A

gy  : 1 1 7 3 2 7 3 2 7 3 2
49 18 317 3 2 7 3 2 7 3 2

   
         
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vr% t c , d O; at d osQ gj esa oxZewy okyk , d i n gksrk gS ( ; k dksbZ l a[ ; k dj.kh fpÉ ds vanj
gks) ] rc bl s ,d , sl s rqY;  O; at d esa] ft l dk gj , d i fjes;  l a[ ; k gS] : i karfjr djus dh
fØ; kfof/  dks gj dk i fjes; dj.k (rationalising the denominator) dgk t krk gSA

i z' ukoyh  1.4

1. crkb,  uhps nh xbZ l a[ ; kvksa esa dkSu&dkSu i fjes;  gSa vkSj dkSu&dkSu v i fjes;  gSa%

(i) 2 5 (ii)  3 23 23  (iii)
2 7
7 7

(iv)
1
2 (v) 2

2. fuEufyf[ kr O; at dksa esa l s i zR; sd O; at d dks l jy dhft , %

(i)    3 3 2 2  (ii)    3 3 3 3 

(iii)  2
5 2 (iv)    5 2 5 2 

3. vki dks ; kn gksxk fd    dks , d òÙk dh i fjf/  (eku yhft ,  c)  vkSj ml osQ O; kl  (eku

yhft ,  d)  osQ vuqi kr l s i fjHkkf"kr fd; k t krk gS] vFkkZr~   = 
c
d  gSA ; g bl  rF;  dk

var£ojks/  djrk gqvk i zrhr gksrk gS fd     v i fjes;  gSA bl  var£ojks/  dk fujkdj.k vki
fdl  i zdkj djsaxs\

4. l a[ ; k js[ kk i j  9 3.  dks fu: fi r dhft , A

5. fuEufyf[ kr osQ gjksa dk i fjes; dj.k dhft , %

(i)
1
7

(ii)
1

7 6
(iii)

1
5 2

(iv)
1

7 2

1.5  okLr fod l a[ ; kv ksa osQ fy,  ?kkrkad&fu; e

D; k vki dks ; kn gS fd fuEufyf[ kr dk l jyhdj.k fdl  i zdkj djrs gSa\

(i) 172 . 175 = (ii) (52)7 =

(iii)
10

7

23
23

 = (iv) 73 . 93 =
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D; k vki us fuEufyf[ kr mÙkj i zkIr fd,  Fks\

(i) 172 . 175 = 177 (ii) (52)7 = 514

(iii)
10

3
7

23 23
23

 (iv) 73 . 93 = 633

bu mÙkjksa dks i zkIr djus osQ fy, ] vki us fuEufyf[ kr ?kkrkad&fu; eksa (laws of
exponents) dk i z; ksx vo' ;  fd; k gksxk] [; gk¡  a, n vkSj  m i zkòQr l a[ ; k, ¡ gSaA vki dks ; kn
gksxk fd  a  dks vk/ kj (base) vkSj  m vkSj n dks ?kkrkad (exponents) dgk t krk gSA]
ft udk vè; ; u vki  fi Nyh d{kkvksa esa dj pqosQ gSa%

(i) am . an = am + n (ii) (am)n = amn

(iii)
m

m n
n

a a , m n
a

  (iv) ambm = (ab)m

(a)0  D; k gS\  bl dk eku 1 gSA vki  ; g vè; ; u i gys gh dj pqosQ gSa fd  (a)0 = 1

gksrk gSA vr%] (iii) dks ykxw djosQ] vki   
1  n

n a
a i zkIr dj l drs gSaA vc ge bu fu; eksa

dks ½.kkRed ?kkrkadksa i j  Hkh ykxw dj l drs gSaA

vr%] mnkgj.k osQ fy,  %

(i) 2 –5 –3
3

117 17 17
17

   (ii) 2 –7 –14(5 ) 5

(iii)
–10

–17
7

23 23
23

 (iv) –3 –3 –3(7) (9) (63) 

eku yhft ,  ge fuEufyf[ kr vfHkdyu djuk pkgrs gSa %

(i)
2 1
3 32 2 (ii)

4

5

1
3

 
 
 

(iii)

1
5

1
3

7

7
(iv)

1 1
5 513 17

ge ; s vfHkdyu fdl  i zdkj djsaxs\  ; g ns[ kk x; k gS fd os ?kkrkad&fu; e] ft udk
vè; ; u ge i gys dj pqosQ gSa] ml  fLFkfr esa Hkh ykxw gks l drs gSa] t cfd vk/ kj / ukRed
okLrfod l a[ ; k gks vkSj ?kkrkad i fjes;  l a[ ; k gks (vkxs vè; ; u djus i j ge ; g ns[ ksaxs
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fd ; s fu; e ogk¡ Hkh ykxw gks l drs gSa] t gk¡ ?kkrkad okLrfod l a[ ; k gksA)A i jUrq] bu
fu; eksa dk dFku nsus l s i gys vkSj bu fu; eksa dks ykxw djus l s i gys] ; g l e> ysuk

vko' ; d gS fd] mnkgj.k osQ fy, ]  
3
24   D; k gSA vr%] bl  l aca/  esa gesa oqQN djuk gksxkA

n a  dks bl  i zdkj i fjHkkf"kr fd; k t krk gS] t gk¡  a > 0 , d okLrfod l a[ ; k gS%
eku yhft ,   a > 0  , d okLrfod l a[ ; k gS vkSj n , d / ukRed i w.kk±d gSA rc

n a  = b gksrk gS, t cfd  bn = a vkSj  b > 0 gksA

?kkrkadksa dh Hkk"kk esa] ge  n a  = 
1
na  osQ : i  esa i fjHkkf"kr djrs gSaA mnkgj.k osQ fy, ]

1
3 32 2  gSA vc ge  

3
24  dks nks fof/ ; ksa l s ns[ k l drs gSaA

3
24  =

31
324 2 8

 
  

 
3
24  =    

1 1
3 2 24 64 8 

vr%] gesa ; g i fjHkk"kk i zkIr gksrh gS%

eku yhft ,   a > 0  , d okLrfod l a[ ; k gS rFkk m vkSj  n  , sl s i w.kk±d gSa fd 1 osQ
vfrfjDr budk dksbZ vU;  mHk; fu"B xq.ku[ kaM ugha gS vkSj n > 0 gSA rc]

m
na  =  m n mn a a

vr% okafNr foLr r̀ ?kkrkad fu; e ; s gSa%

eku yhft ,   a > 0 , d okLrfod l a[ ; k gS vkSj  p vkSj  q i fjes;  l a[ ; k, ¡ gSaA rc]
(i) ap . aq = ap+q (ii) (ap)q = apq

(iii)
p

p q
q

a a
a

 (iv) apbp = (ab)p

vc vki  i gys i wNs x,  i z' uksa dk mÙkj Kkr djus osQ fy,  bu fu; eksa dk i z; ksx dj
l drs gSaA

mnkgj . k 20 : l jy dhft ,%  (i) 
2 1
3 32 2 (ii)

4

5

1
3

 
 
 

(iii)

1
5

1
3

7

7
(iv)

1 1
5 513 17
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l a[ ; k i ¼fr 27

gy  :

(i)
2 12 1 3

13 33 3 32 2 2 2 2 2
  
      (ii)

41 4
5 53 3

 
 

 

(iii)

1
1 1 3 5 25
5 3 15 15

1
3

7 7 7 7
7

    
    (iv)

1 1 1 1
5 5 5 513 17 (13 17) 221   

i z' ukoyh  1.5

1. Kkr dhft , %(i)
1
264 (ii)

1
532 (iii)

1
3125

2. Kkr dhft , %(i)
3
29 (ii)

2
532 (iii)

3
416 (iv)

1
3125


3. l jy dhft , %(i)
2 1
3 52 2 (ii)

7

3

1
3

 
 
 

(iii)

1
2

1
4

11

11
(iv)

1 1
2 27 8

1.6  l kj ka' k

bl  vè; k;  esa] vki us fuEufyf[ kr fcUnqvksa dk vè; ; u fd; k gS%

1. l a[ ; k  r  dks i fjes;  l a[ ; k dgk t krk gS] ; fn bl s  
p
q  osQ : i  esa fy[ kk t k l drk gks] t gk¡

p vkSj  q  i w.kk±d gSa vkSj  q  0 gSA

2. l a[ ; k  s  dks vi fjes;  l a[ ; k dgk t krk gS] ; fn bl s p
q

  osQ : i  esa u fy[ kk t k l drk

gks] t gk¡  p  vkSj  q  i w.kk±d gSa vkSj  q  0 gSA

3. , d i fjes;  l a[ ; k dk n' keyo i zl kj ; k rks l kar gksrk gS ; k vuol kuh vkorhZ gksrk gSA
l kFk gh] og l a[ ; k] ft l dk n' keyo i zl kj l kar ; k vuol kuh vkorhZ gS] i fjes;  gksrh gSA

4. , d v i fjes;  l a[ ; k dk n' keyo i zl kj vuol kuh vukorhZ gksrk gSA l kFk gh] og l a[ ; k
ft l dk n' keyo i zl kj vuol kuh vukorhZ gS] v i fjes;  gksrh gSA

5. l Hkh i fjes;  vkSj v i fjes;  l a[ ; kvksa dks ,d l kFk ysus i j okLrfod l a[ ; kvksa dk l axzg
i zkIr gksrk gSA
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28 xf.kr

6. ; fn  r  i fjes;  gS vkSj  s  v i fjes;  gS] rc  r + s vkSj  r – s v i fjes;  l a[ ; k, ¡ gksrh gSa rFkk

rs vkSj  
r
s   v i fjes;  l a[ ; k, ¡ gksrh gSa ; fn r  0 gSA

7. / ukRed okLrfod l a[ ; kvksa  a vkSj  b osQ l aca/  esa fuEufyf[ kr l oZl fedk, ¡ ykxw gksrh gSa%

(i) ab a b (ii) a a
b b


(iii)    a b a b a b    (iv)     2a b a b a b   

(v)  2
2a b a ab b   

8.
1

a b
 osQ gj dk i fjes; dj.k djus osQ fy, ] bl s ge  a b

a b



 l s xq.kk djrs gSa] t gk¡

a vkSj  b  i w.kk±d gSaA

9. eku yhft ,   a > 0  , d okLrfod l a[ ; k gS vkSj  p vkSj  q  i fjes;  l a[ ; k, ¡ gSaA rc]

(i) ap . aq = ap + q (ii) (ap)q = apq

(iii)
p

p q
q

a a
a

 (iv) apbp = (ab)p
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v è; k; 2

cgqi n

2.1 Hkwfedk

fi Nyh d{kkvksa esa] vki  cht h;  O; at dksa vkSj muosQ t ksM+] ?kVkuk] xq.kk vkSj Hkkx dk
vè; ; u dj pqosQ gSaA ogk¡ vki  ; g Hkh vè; ; u dj pqosQ gSa fd fdl  i zdkj oqQN cht h;
O; at dksa dk xq.ku[ kaMu fd; k t krk gSA vki  fuEu cht h;  l oZl fedkvksa vkSj mudk
xq.ku[ kaMu esa mi ; ksx dk i qu%Lej.k dj l drs gSa%

(x + y)2 = x2 + 2xy + y2

(x – y)2 = x2 – 2xy + y2

vkSj] x2 – y2 = (x + y) (x – y)

bl  vè; k;  esa] l cl s i gys , d fo' ks"k i zdkj osQ cht h;  O; at d dk] ft l s cgqi n
(polynomial) dgk t krk gS] vkSj ml l s l ac¼ ' kCnkoyh (terminology) dk vè; ; u djsaxsA
; gk¡ ge ' ks"ki Qy i zes;  (Remainder Theorem), xq.ku[ kaM i zes;  (Factor Theorem) vkSj
cgqi nksa osQ xq.ku[ kaMu esa buosQ mi ; ksx dk Hkh vè; ; u djsaxsA buosQ vfrfjDr] ge oqQN
vkSj cht h;  l oZl fedkvksa dk vkSj oqQN fn,  gq,  O; at dksa dk xq.ku[ kaMu djus rFkk eku
fudkyus osQ ckjs esa Hkh vè; ; u djsaxsA

2.2 , d  pj  okys cgqi n

l cl s i gys ge ; kn djsaxs fd pj dks , d i zrhd l s i zdV fd; k t krk gS t ks dksbZ Hkh
okLrfod eku / kj.k dj l drk gSA ge pjksa dks v{kjksa  x, y, z, vkfn l s i zdV djrs gSaA è; ku

jgs fd 2x, 3x, – x, –
1
2

x cht h;  O; at d gSaA ; s l Hkh O; at d] ( , d vpj) × x osQ : i  osQ
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30 xf.kr

gSaA vc eku yhft ,  fd ge , d , sl k O; at d fy[ kuk pkgrs gSa t ks fd ( , d vpj) × ( , d
pj)  gS vkSj ge ; g ugha t kurs fd vpj D; k gSA , sl h fLFkfr; ksa esa] ge vpj dks a, b, c
vkfn l s i zdV djrs gSaA vr% O; at d] eku yhft , ] ax gksxkA

fi Qj Hkh] vpj dks i zdV djus okys v{kj vkSj pj dks i zdV djus okys v{kj esa varj
gksrk gSA ,d fo' ks"k fLFkfr esa vpjksa osQ eku l nk l eku cus jgrs gSaA vFkkZr~ , d nh gqbZ
l eL; k esa vpj osQ eku esa dksbZ i fjorZu ugha gksrkA i jUrq pj osQ eku esa i fjorZu gksrk
jgrk gSA

vc 3 ,dd dh Hkqt k okyk , d oxZ yhft ,  (nsf[ k,
vkòQfr 2-1)A bl dk i fjeki  (perimeter) D; k gS\  vki  t kurs
gSa fd oxZ dk i fjeki  pkjksa Hkqt kvksa dh yackb; ksa dk t ksM+ gksrk
gSA ; gk¡ i zR; sd Hkqt k dh yackbZ 3 , dd gSA vr% bl dk i fjeki
4  3 vFkkZr~ 12 , dd gSA ; fn oxZ dh i zR; sd Hkqt k 10 , dd
gks] rks i fjeki  D; k gksxk\  i fjeki  4  10 vFkkZr~ 40 , dd
gksxkA ; fn i zR; sd Hkqt k dh yackbZ x , dd gks (nsf[ k,  vkòQfr
2-2) ] rks i fjeki  4x , dd gksrk gSA vr% ge ; g i krs gSa fd
Hkqt k dh yackbZ esa i fjorZu gksus i j i fjeki  cny t krk gSA

D; k vki  oxZ PQRS dk {ks=ki Qy Kkr dj l drs gSa\  ; g
 x × x = x2  oxZ , dd (ek=kd)  gSA  x2  , d cht h;  O; at d gSA
vki   2x, x2 + 2x, x3 – x2 + 4x + 7  t Sl s vU;  cht h;  O; at dksa l s
Hkh i fj fpr gSaA è; ku nhft ,  fd vHkh rd fy,  x,  l Hkh cht h;
O; at dksa esa pj osQ ?kkrkad i w.kZ l a[ ; k gh jgs gSaA bl  : i  osQ
O; at dksa dks , d pj okyk cgqi n (polynomials in one variable) dgk t krk gSA Åi j fn,
x,  mnkgj.kksa esa pj x gSA mnkgj.k osQ fy, ]  x3 – x2 + 4x + 7, pj x esa , d cgqi n gSA bl h
i zdkj   3y2 + 5y, pj  y  esa , d cgqi n gS vkSj  t2 + 4, pj t esa , d cgqi n gSA

cgqi n x2 + 2x esa O; at d x2 vkSj  2x cgqi n ds i n (terms) dgs t krs gSaA bl h i zdkj]
cgqi n  3y2 + 5y + 7 esa rhu i n vFkkZr~  3y2, 5y vkSj  7  gSaA D; k vki  cgqi n
 –x3 + 4x2 + 7x – 2 osQ i n fy[ k l drs gSa\  bl  cgqi n osQ pkj i n vFkkZr~  –x3, 4x2, 7x
vkSj –2 gSaA

cgqi n osQ i zR; sd i n dk ,d xq.kkad (coefficient) gksrk gSA vr%] –x3 + 4x2 + 7x – 2
esa x3 dk xq.kkad  –1 gS]  x2 dk xq.kkad  4 gS]  x dk xq.kkad  7 gS vkSj   x0 dk xq.kkad &2 gS

3

3 3

3

v kÑfr  2-1

x

x x

xS R

P Q

v kÑfr  2-2
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cgqi n 31

(Lej.k jgs fd x0 = 1 gS)A D; k vki  t kurs gSa fd  x2 – x + 7 esa x dk xq.kkad D; k gS\
x dk xq.kkad  –1 gSA

è; ku jgs fd 2 Hkh , d cgqi n gSA oLrqr% 2] –5] 7 vkfn vpj cgqi nksa (constant
polynomials) osQ mnkgj.k gSaA vpj cgqi n 0 dks ' kwU;  cgqi n dgk t krk gSA l kFk gh] t Sl k
fd mPp d{kkvksa eas vki  ns[ ksaxs] l Hkh cgqi nksa osQ l axzg esa ' kwU;  cgqi n , d vfr egRoi w.kZ
Hkwfedk fuHkkrk gSA

vc vki   x + 231 , 3 x y y
x

vkSj  t Sl s cht h;  O; at d yhft , A D; k vki  t kurs

gSa fd vki  x + 
1
x

 = x + x–1  fy[ k l drs gSa\  ; gk¡ nwl js i n vFkkZr~  x –1 dk ?kkrkad  –1 gS

t ks , d i w.kZ l a[ ; k ugha gSA vr% ; g cht h;  O; at d , d cgqi n ugha gSA l kFk gh] 3x 

dks 
1
2 3x   osQ : i  esa fy[ kk t k l drk gSA ; gk¡ x dk ?kkrkad  

1
2

 gS] t ks fd , d i w.kZ l a[ ; k

ugha gSA rks D; k vki  ; g l e>rs gSa fd 3x   , d cgqi n gS\  ugha] ; g , d cgqi n ugha
gSA D; k 3 y  + y2  , d cgqi n gS\  ; g Hkh , d cgqi n ugha gSA (D; ksa\ )

; fn , d cgqi n esa pj x gks] rks ge cgqi n dks  p(x) ; k q(x) ; k r(x), vkfn l s i zdV
dj l drs gSa] mnkgj.k osQ fy, ] ge ; g fy[ k l drs gSa%

p(x) = 2x2 + 5x – 3
q(x) = x3 –1
r(y) = y3 + y + 1
s(u) = 2 – u – u2 + 6u5

cgqi n esa i fj fer l a[ ; k esa fdrus Hkh i n gks l drs gSaA mnkgj.k osQ fy, ]
x150 + x149 + ... + x2 + x + 1 , d cgqi n gS] ft l esa 151 i n gSaA

vc cgqi n 2x, 2, 5x3, –5x2, y vkSj  u4  yhft , A D; k vki  ns[ krs gSa fd bu cgqi nksa esa
l s i zR; sd cgqi n oQk osQoy , d i n gSA osQoy ,d i n okys cgqi n dks , di nh
(monomial) dgk t krk gSA (vaxzst h ' kCn 'mono' dk vFkZ gS “, d”)A

vc uhps fn,  x,  cgqi nksa esa l s i zR; sd i j è; ku nhft ,%

p(x) = x + 1, q(x) = x2 – x, r(y) = y30 + 1, t(u) = u43 – u2

; gk¡ i zR; sd cgqi n esa fdrus i n gSa\  buesa l s i zR; sd cgqi n esa osQoy nks i n gSaA
osQoy nks i nksas okys cgqi nksa dks f}i n (binomials) dgk t krk gSA (vaxzst h ' kCn ‘bi’
dk vFkZ gS “nks”)A
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32 xf.kr

bl h i zdkj] osQoy rhu i nksa okys cgqi nksa dks f=ki n (trinomials) dgk t krk gSA (vaxzst h
' kCn ‘tri’ dk vFkZ gS “ rhu”)A f=ki n osQ oqQN mnkgj.k ; s gSa%

p(x) = x + x2 + , q(x) = 2  + x – x2,
r(u) = u + u2 – 2, t(y) = y4 + y + 5

vc cgqi n  p(x) = 3x7 – 4x6 + x + 9 dks nsf[ k, A bl esa x dh vf/ dre ?kkr okyk i n
dkSu&l k gS\  ; g i n 3x7 gSA bl  i n esa  x  dk ?kkrkad 7 gSA bl h i zdkj] cgqi n
q(y) = 5y6 – 4y2 – 6 esa  y oQh vf/ dre ?kkr okyk i n 5y6 gS vkSj bl  i n esa y dk ?kkrkad
6 gSA , d cgqi n esa pj dh vf/ dre ?kkr okys i n osQ ?kkrkad dks cgqi n dh ?kkr
(degree of the polynomial) dgk t krk gSA vr% cgqi n  3x7 – 4x6 + x + 9 dh ?kkr  7 gS
vkSj cgqi n 5y6 – 4y2 – 6 dh ?kkr  6 gSA , d  ' kwU; sr j  v pj  cgqi n dh ?kkr  ' kwU;
gksrh gSA

mnkgj . k 1 : uhps fn,  x,  i zR; sd cgqi n dh ?kkr Kkr dhft , %

(i) x5 – x4 + 3 (ii) 2 – y2 – y3 + 2y8 (iii) 2

gy  : (i) pj dk vf/ dre ?kkrkad 5 gSA vr% cgqi n dh ?kkr 5 gSA

(ii) pj dk vf/ dre ?kkrkad 8 gSA vr% cgqi n dh ?kkr 8 gSA

(iii) ; gk¡ osQoy , d i n 2 gS ft l s 2x0 osQ : i  esa fy[ kk t k l drk gSA vr%  x  dk ?kkrkad
0 gSA bl fy, ] cgqi n dh ?kkr 0 gSA

vc cgqi nksa p(x) = 4x + 5, q(y) = 2y, r(t) = t + 2  vkSj   s(u) = 3 – u dks yhft , A D; k
buesa dksbZ l oZfu"B rF;  ns[ kus dks feyrk gS\  buesa i zR; sd cgqi n dh ?kkr , d gSA , d
?kkr okys cgqi n dks jSf[ kd cgqi n (linear polynomial) dgk t krk gSA , d pj esa oqQN
vkSj jSf[ kd cgqi n 2x – 1, 2 y + 1 vkSj  2 – u gSaA vc D; k x esa rhu i nksa okyk , d jSf[ kd
cgqi n ge Kkr dj l drs gSa\  ge , d , sl k jSf[ kd cgqi n Kkr ugha dj l drs] D; ksafd
x esa , d jSf[ kd cgqi n esa vf/ d l s vf/ d nks i n gks l drs gSaA vr% x esa dksbZ Hkh jSf[ kd
cgqi n  ax + b osQ : i  dk gksxk] t gk¡  a vkSj  b vpj gSa vkSj a  0 gSA (D; ksa\ )  bl h i zdkj
ay + b, y esa , d jSf[ kd cgqi n gSA

vc vki  fuEufyf[ kr cgqi nksa dks yhft , %

2x2 + 5, 5x2 + 3x + , x2 vkSj  x2 + 
2
5 x

D; k vki  bl  ckr l s l ger gSa fd Åi j  fn,  x,  l Hkh cgqi n ?kkr 2 okys gSa\  ?kkr
2 okys cgqi n dks f}?kkrh ; k f}?kkr cgqi n (quadratic polynomial) dgk t krk gSA
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cgqi n 33

f}?kkrh cgqi n osQ oqQN mnkgj.k 5 – y2, 4y + 5y2 vkSj  6 – y – y2 gSaA D; k vki  , d pj esa
pkj vyx&vyx i nksa okys , d f}?kkrh cgqi n dks fy[ k l drs gSa\  vki  ns[ ksaxs fd , d
pj esa , d f}?kkrh cgqi n osQ vf/ d l s vf/ d 3 i n gkssaxsA ; fn vki  oqQN vkSj f}?kkrh
i n cuk l osaQ rks vki  i k, ¡xs fd x esa dksbZ Hkh f}?kkrh cgqi n ax2 + bx + c osQ : i  dk gksxk]
t gk¡ a  0 vkSj  a, b, c vpj gSaA bl h i zdkj]  y esa f}?kkrh cgqi n  ay2 + by + c osQ : i  dk
gksxk] t cfd  a  0 vkSj  a, b, c vpj gksaA

rhu ?kkr okys cgqi n dks f=k?kkrh cgqi n (cubic polynomial) dgk t krk gSA  x esa , d
f=k?kkrh cgqi n osQ oqQN mnkgj .k 4x3, 2x3 + 1, 5x3 + x2, 6x3 – x, 6 – x3 vkSj
2x3 + 4x2 + 6x + 7 gSaA vki osQ fopkj l s , d pj esa f=k?kkrh cgqi n esa fdrus i n gks l drs
gSa\ vfèkd l s vf/ d 4 i n gks l drs gSaA bUgsa  ax3 + bx2 + cx + d osQ : i  esa fy[ kk t k
l drk gS] t gk¡  a  0 vkSj  a, b, c vkSj  d vpj gSaA

vHkh vki us ns[ kk gS fd ?kkr 1] ?kkr 2 ; k ?kkr 3 okys cgqi n ns[ kus esa yxHkx l eku
gh yxrs gSa] rks D; k vki  , d pj esa] ?kkr   n  okyk , d cgqi n fy[ k l drs gSa] t gk¡  n
dksbZ i zkòQr l a[ ; k gS\  , d pj x esa] ?kkr n okyk cgqi n fuEu : i  dk , d O; at d gksrk gS%

 anxn + an–1xn–1 + . . . + a1x + a0

t gk¡  a0, a1, a2, . . ., an vpj gSa vkSj  an  0 gSA

fo' ks"k : i  esa] ; fn  a0 = a1 = a2 = a3 = . . . = an = 0 gks ( l Hkh vpj ' kwU;  gksa) ] rks
gesa ' kwU;  cgqi n (zero polynomial) i zkIr gksrk gS] ft l s 0 l s i zdV fd; k t krk gSA ' kwU;
cgqi n dh ?kkr D; k gksrh gS\ ' kwU;  cgqi n dh ?kkr i fjHkkf"kr ugha gSA

vHkh rd geus osQoy , d pj okys cgqi nksa osQ ckjs esa vè; ; u fd; k gSA ge , d
l s vf/ d pjksa okys cgqi n Hkh i zkIr dj l drs gSaA mnkgj.k osQ fy, ]  x2 + y2 + xyz ( t gk¡
pj  x, y vkSj  z gSa)  rhu pjksa esa , d cgqi n gSA bl h i zdkj]  p2 + q10 + r  ( t gk¡ pj  p,
q vkSj  r gSa) ] u3 + v2  ( t gk¡ pj  u vkSj  v gSa)  Øe' k% rhu pjksa vkSj nks pjksa esa (okys)
cgqi n gSaA bl  i zdkj osQ cgqi nksa dk foLrkj l s vè; ; u ge ckn esa djsaxsA

i z' ukoyh  2.1

1. fuEufyf[ kr O; at dksa esa dkSu&dkSu , d pj esa cgqi n gSa vkSj dkSu&dkSu ugha gSa\  dkj.k osQ
l kFk v i us mÙkj nhft , %
(i) 4x2 – 3x + 7 (ii) y2 + 2 (iii) 3 2t t

(iv) y + 
2
y

(v) x10 + y3 + t50
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34 xf.kr

2. fuEufyf[ kr esa l s i zR; sd esa  x2  dk xq.kkad fyf[ k, %

(i) 2 + x2 + x (ii) 2 – x2 + x3 (iii) 2

2
x x

 (iv) 2 1x 

3. 35 ?kkr osQ f}i n dk vkSj 100 ?kkr osQ , di nh dk , d&, d mnkgj.k nhft , A

4. fuEufyf[ kr cgqi nksa esa l s i zR; sd cgqi n oQh ?kkr fyf[ k,  %

(i) 5x3 + 4x2 + 7x (ii) 4 – y2

(iii) 5t – 7 (iv) 3

5. crkb,  fd fuEufyf[ kr cgqi nksa esa dkSu&dkSu cgqi n jSf[ kd gSa] dkSu&dkSu f}?kkrh gSa vkSj
dkSu&dkSu f=k?kkrh gSa%

(i) x2 + x (ii) x – x3 (iii) y + y2 + 4 (iv) 1 + x
(v) 3t (vi) r2 (vii) 7x3

2.3  cgqi n osQ ' kwU; d

fuEufyf[ kr cgqi n yhft ,%
p(x) = 5x3 – 2x2 + 3x – 2

; fn p(x) esa l oZ=k x osQ LFkku i j  1 i zfrLFkkfi r djsa] rks gesa ; g i zkIr gksrk gS%

p(1) = 5 × (1)3 – 2 × (1)2 + 3 × (1) – 2
= 5 – 2 + 3 – 2
= 4

vr%] ge ; g dg l drs gSa fd x = 1 i j  p(x) dk eku 4 gSA

bl h i zdkj , p(0) = 5(0)3 – 2(0)2 + 3(0) –2

= –2

D; k vki   p(–1) Kkr dj l drs gSa\

mnkgj . k 2 : pjksa osQ fn,  x,  eku i j  uhps fn,  x,  i zR; sd cgqi n dk eku Kkr dhft , %

(i) x = 1 i j p(x) = 5x2 – 3x + 7  dk eku

(ii) y = 2 i j q(y) = 3y3 – 4y + 11  dk eku

(iii) t = a i j p(t) = 4t4 + 5t3 – t2 + 6 dk eku

gy  : (i) p(x) = 5x2 – 3x + 7
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cgqi n 35

x = 1 i j  cgqi n  p(x) dk eku ; g gksrk gS%

p(1) = 5(1)2 – 3(1) + 7
= 5 – 3 + 7 = 9

(ii) q(y) = 3y3 – 4y + 11

y = 2 i j  cgqi n q(y) dk eku ; g gksrk gS%

q(2) = 3(2)3 – 4(2) + 11  = 24 – 8 + 11  = 16 + 11
(iii) p(t) = 4t4 + 5t3 – t2 + 6

t = a i j  cgqi n p(t) dk eku ; g gksrk gS%

p(a) = 4a4 + 5a3 – a2 + 6

vc cgqi n  p(x) = x – 1 yhft , A

p(1) D; k gS\  è; ku nhft ,  fd p(1) = 1 – 1 = 0 gSA

D; ksafd  p(1) = 0 gS, bl fy,  ge ; g dgrs gSa fd 1] cgqi n  p(x) dk , d ' kwU; d
(zero) gSA

bl h i zdkj ] vki  ; g ns[ k l drs gSa fd 2] q(x) dk , d ' kwU; d gS] t gk¡
q(x) = x – 2 gSA

O; ki d : i  esa] ge ; g dgrs gSa fd cgqi n  p(x) dk ' kwU; d , d , sl h l a[ ; k c gS
fd  p(c) = 0 gksA

bl  ckr dh vksj vki us vo' ;  è; ku fn; k gksxk fd cgqi n  (x – 1) dk ' kwU; d bl
cgqi n dks 0 osQ l ehòQr djosQ i zkIr fd; k t krk gSA vFkkZr~  x – 1 = 0, ft l l s x = 1 i zkIr
gksrk gSA rc ge dgrs gSa fd p(x) = 0 , d cgqi n l ehdj.k gS vkSj 1 bl  cgqi n l ehdj.k
p(x) = 0 dk , d ewy gSA vr% ge ; g dgrs gSa fd 1] cgqi n  x – 1 dk ' kwU; d gS ; k
; g cgqi n l ehdj.k x – 1 = 0 dk , d ewy  (root) gSA

vc vpj cgqi n 5 yhft ,A D; k vki  crk l drs gSa fd bl dk ' kwU; d D; k gS\ bl
cgqi n dk dksbZ ' kwU; d ugha gS] D; ksafd 5x0 esa x osQ LFkku i j  fdl h Hkh l a[ ; k dks
i zfrLFkkfi r djus i j  gesa 5 gh i zkIr gksrk gSA oLrqr%] , d ' kwU; srj vpj cgqi n dk dksbZ
' kwU; d ugha gksrkA vc i z' u mBrk gS fd ' kwU;  cgqi n osQ ' kwU; dksa osQ ckjs esa D; k dgk t k, A
i jai jk osQ vuql kj i zR; sd okLrfod l a[ ; k ' kwU;  cgqi n dk , d ' kwU; d gksrh gSA
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36 xf.kr

mnkgj . k 3 : t k¡p dhft ,  fd  –2 vkSj  2 cgqi n x + 2 osQ ' kwU; d gSa ; k ughaA

gy  : eku yhft , p(x) = x + 2

rc  p(2) = 2 + 2 = 4, p(–2) = –2 + 2 = 0

vr% –2 cgqi n x + 2 dk , d ' kwU; d gS] i jUrq 2 cgqi n x + 2 dk ' kwU; d ugha gSA

mnkgj . k 4 : cgqi n  p(x) = 2x + 1 dk , d ' kwU; d Kkr dhft , A

gy  :  p(x) dk ' kwU; d Kkr djuk oSl k gh gS t Sl k fd l ehdj.k

p(x) = 0

dks gy djukA

v c 2x + 1 = 0 l s gesa x = 
1–
2

 i zkIr gksrk gSA

vr%] 
1–
2

 cgqi n 2x + 1 dk , d ' kwU; d gSA

vc] ; fn  p(x) = ax + b, a  0 , d jSf[ kd cgqi n gks] rks ge bl   p(x) dk ' kwU; d
fdl   i zdkj Kkr dj l drs gSa\  mnkgj.k 4 l s vki dks bl dk oqQN l aosQr fey l drk
gSA cgqi n  p(x) dk ' kwU; d Kkr djus dk vFkZ gS cgqi n l ehdj.k  p(x) = 0 dks gy djukA

vc  p(x) = 0 dk vFkZ gS ax + b = 0, a  0

vr%] ax = –b

vFkkZr~ x = – b
a

vr%] x = 
b
a

  gh osQoy  p(x)  dk ' kwU; d gS] vFkkZr~ jSf[ kd cgqi n dk , d vkSj osQoy

, d ' kwU; d gksrk gSA

vc ge ; g dg l drs gSa fd 1]  x – 1 dk osQoy , d ' kwU; d gS vkSj  – 2, x + 2 dk osQoy
, d ' kwU; d gSA

mnkgj . k 5 : l R; kfi r dhft ,  fd 2 vkSj 0 cgqi n x2 – 2x osQ ' kwU; d gSaA

gy  : eku yhft , p(x) = x2 – 2x

rc p(2) = 22 – 4 = 4 – 4 = 0

vkSj p(0) = 0 – 0 = 0
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cgqi n 37

vr%] 2 vkSj 0 nksuksa gh cgqi n x2 – 2x osQ ' kwU; d gSaaA

vkb,  vc ge v i us i zs{k.kksa dh l wph cuk, ¡%

1. vko' ; d ugha gS fd cgqi n dk ' kwU; d ' kwU;  gh gksA

2. 0] cgqi n dk , d ' kwU; d gks l drk gSA

3. i zR; sd jSf[ kd cgqi n dk , d vkSj osQoy , d ' kwU; d gksrk gSA

4. , d cgqi n osQ , d l s vf/ d ' kwU; d gks l drs gSaA

i z' ukoyh 2.2

1. fuEufyf[ kr i j cgqi n  5x – 4x2 + 3 ds eku Kkr dhft , %

(i) x = 0 (ii) x = –1 (iii) x = 2

2. fuEufyf[ kr cgqi nksa esa l s i zR; sd cgqi n osQ fy,   p(0), p(1) vkSj  p(2) Kkr dhft , %

(i) p(y) = y2 – y + 1 (ii) p(t) = 2 + t + 2t2 – t3

(iii) p(x) = x3 (iv) p(x) = (x – 1) (x + 1)

3. l R; kfi r dhft ,  fd fn[ kk,  x,  eku fuEufyf[ kr fLFkfr; ksa esa l axr cgqi n osQ ' kwU; d gSa%

(i) p(x) = 3x + 1; x = 
1–
3

(ii) p(x) = 5x – ; x = 
4
5

(iii) p(x) = x2 – 1; x = 1, –1 (iv) p(x) = (x + 1) (x – 2); x = – 1, 2

(v) p(x) = x2; x = 0 (vi) p(x) = lx + m; x = – m
l

(vii) p(x) = 3x2 – 1; x = 
1 2,
3 3

 (viii) p(x) = 2x + 1; x = 
1
2

4. fuEufyf[ kr fLFkfr; ksa esa l s i zR; sd fLFkfr esa cgqi n dk ' kwU; d Kkr dhft ,  %

(i) p(x) = x + 5 (ii) p(x) = x – 5 (iii) p(x) = 2x + 5
(iv) p(x) = 3x – 2 (v) p(x) = 3x (vi) p(x) = ax; a  0

(vii) p(x) = cx + d; c  0, c, d okLrfod l a[ ; k, ¡ gSaA

2.4  cgqi nksa dk xq. ku[ kaMu

vkb,  vc ge Åi j  osQ mnkgj.k 10 dh fLFkfr i j  è; kui woZd fopkj djsaA bl osQ vuql kj]

D; ksafd ' ks"ki Qy   
1
2

q  
 

 = 0 gS, bl fy,  2t + 1, q(t) dk , d xq.ku[ kaM gSA vFkkZr~ fdl h

cgqi n g(t) osQ fy, ]
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38 xf.kr

q(t) = (2t + 1) g(t) gksrk gSA

; g uhps fn,  gq,  i zes;  dh , d fo' ks"k fLFkfr gS%

xq.ku[ kaM i zes;  : ; fn  p(x) ?kkr  n > 1 okyk , d cgqi n gks vkSj  a dksbZ okLrfod l a[ ; k
gks] rks

(i) x – a, p(x) dk , d xq.ku[ kaM gksrk gS] ; fn  p(a) = 0 gks, vkSj

(ii) p(a) = 0 gksrk gS, ; fn x – a,  p(x) dk , d xq.ku[ kaM gksA

mi i fÙk : ' ks"ki Qy i zes;  }kjk] p(x) = (x – a) q(x) + p(a).
(i) ; fn p(a) = 0, rc p(x) = (x – a) q(x), t ks n' kkZrk gS fd x – a, p(x) dk , d

xq.ku[ kaM gSA
(ii) pwafd x – a, p(x) dk , d xq.k x – a, p(x) dk , d xq.ku[ kaM gS] rks fdl h cgqi n

g(x) osQ fy,  p(x) = (x – a) g(x) gksxkA bl  fLFkfr esa] p(a) = (a – a) g(a) = 0-

mnkgj . k 6 : t k¡p dhft ,  fd x + 2 cgqi nksa  x3 + 3x2 + 5x + 6 vkSj 2x + 4 dk , d
xq.ku[ kaM gS ; k ughaA

gy  :  x + 2 dk ' kwU; d  –2 gSA eku yhft ,

p(x) = x3 + 3x2 + 5x + 6 vkSj  s(x) = 2x + 4

rc] p(–2) = (– 2)3 + 3(– 2)2 + 5(– 2) + 6

= –8 + 12 – 10 + 6
= 0

vr% xq.ku[ kaM i zes;  (Factor Theorem) osQ vuql kj  x + 2, x3 + 3x2 + 5x + 6 dk , d
xq.ku[ kaM gSA
i qu%] s(–2) = 2(–2) + 4 = 0

vr% x + 2, 2x + 4 dk , d xq.ku[ kaM gSA okLro esa] xq.ku[ kaM i zes;  ykxw fd,  fcuk gh vki
bl dh t k¡p dj l drs gSa] D; ksafd 2x + 4 = 2(x + 2) gSA
mnkgj . k 7 : ; fn x – 1,  4x3 + 3x2 – 4x + k dk , d xq.ku[ kaM gS] rks k dk eku Kkr
dhft , A
gy  : D; ksafd x – 1, p(x) = 4x3 + 3x2 – 4x + k dk , d xq.ku[ kaM gS] bl fy,

p(1) = 0 gksxkA
vc] p(1) = 4(1)3 + 3(1)2 – 4(1) + k
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bl fy, 4 + 3 – 4 + k = 0

vFkkZr~ k = –3

vc ge ?kkr 2 vkSj ?kkr 3 osQ oqQN cgqi nksa osQ xq.ku[ kaM Kkr djus osQ fy,  xq.ku[ kaM
i zes;  dk i z; ksx djsaxsA

vki   x2 + lx + m t Sl s f}?kkrh cgqi n osQ xq.ku[ kaMu l s i fj fpr gSaA vki us eè;  i n
lx dks ax + bx esa bl  i zdkj foHkDr djosQ fd  ab = m gks]  xq.ku[ kaMu fd; k FkkA rc
x2 + lx + m = (x + a) (x + b) i zkIr gqvk FkkA vc ge  ax2 + bx + c,  t gk¡  a  0 vkSj  a,
b, c  vpj gSa] osQ i zdkj osQ f}?kkrh cgqi nksa dk xq.ku[ kaMu djus dk i z; kl  djsaxsA

eè;  i n dks foHkDr djosQ cgqi n ax2 + bx + c  dk xq.ku[ kaMu fuEu i zdkj l s gksrk
gS%

eku yhft ,  bl osQ xq.ku[ kaM (px + q) vkSj  (rx + s) gSaA rc]

ax2 + bx + c = (px + q) (rx + s) = pr x2 + (ps + qr) x + qs

x2  osQ xq.kkadksa dh rqyuk djus i j ] gesa  a = pr i zkIr gksrk gSA

bl h i zdkj]  x osQ xq.kkadksa dh rqyuk djus i j ] gesa  b = ps + qr  i zkIr gksrk gSA

l kFk gh] vpj i nksa dh rqyuk djus i j ] gesas  c = qs i zkIr gksrk gSA

bl l s ; g i rk pyrk gS fd  b nks l a[ ; kvksa ps vkSj  qr dk ; ksxi Qy gS] ft udk xq.kui Qy
(ps)(qr) = (pr)(qs) = ac gSA vr% ax2 + bx + c dk xq.ku[ kaMu djus osQ fy, ] ge b dks
, sl h nks l a[ ; kvksa osQ ; ksxi Qy osQ : i  esa fy[ krs gSa ft udk xq.kui Qy ac gksA ; g rF;  uhps
fn,  x,  mnkgj.k 13 l s Li "V gks t k, xkA

mnkgj . k 8 : eè;  i n dks foHkDr djosQ rFkk xq.ku[ kaM i zes;  dk i z; ksx djosQ
6x2 + 17x + 5 dk xq.ku[ kaMu dhft , A

gy 1 : (eè;  i n dks foHkDr djosQ)  % ; fn ge , sl h nks l a[ ; k, ¡ p vkSj q Kkr dj l drs
gksa ft l l s fd

p + q = 17 vkSj pq = 6 × 5 = 30 gks, rks ge xq.ku[ kaM i zkIr dj l drs gSaA

vr% vkb,  ge 30 osQ xq.ku[ kaM&; qXeksa dks <w<+saA oqQN ; qXe 1 vkSj 30] 2 vkSj 15] 3 vkSj
10] 5 vkSj 6 gSaA

bu ; qXeksa esa] gesa 2 vkSj 15 osQ ; qXe l s  p + q = 17  i zkIr gksxkA
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40 xf.kr

vr% 6x2 + 17x + 5 = 6x2 + (2 + 15)x + 5

= 6x2 + 2x + 15x + 5

= 2x(3x + 1) + 5(3x + 1)
= (3x + 1) (2x + 5)

gy 2 : (xq.ku[ kaM i zes;  dh l gk; rk l s)%

6x2 + 17x + 5 = 2 17 56
6 6

x x   
 

 = 6 p(x), eku yhft , A ; fn  a vkSj  b, p(x)

osQ ' kwU; d gksa] rks  6x2 + 17x + 5 = 6(x – a) (x – b) gSA vr%  ab = 
5
6

 gksxkA vkb,  ge

a vkSj b osQ fy,  dqN l aHkkouk, ¡ ns[ ksaA ; s 1 1 5 5, , , , 1
2 3 3 2

      gks l drs gSaA vc,

1 1 17 1 5
2 4 6 2 6

p        
   

  0 gSA i jUrq 
1

3
p  
 
 

 = 0 gSA vr% 
1
3

x  
 

,  p(x) dk , d

xq.ku[ kaM gSA bl h i zdkj] t k¡p djosQ vki  ; g Kkr dj l drs gSa fd 5
2

x  
 

,  p(x) dk , d

xq.ku[ kaM gSA

vr%] 6x2 + 17x + 5 = 6 1 5
3 2

x x       
   

= 3 1 2 56
3 2

x x    
   
   

= (3x + 1) (2x + 5)

bl  mnkgj.k osQ fy, ] foHkDr djus dh fof/  dk i z; ksx vf/ d i zHkko' kkyh gSA fi Qj Hkh]
vkb,  ge , d vkSj mnkgj.k ysaA

mnkgj . k 9 : xq.ku[ kaM i zes;  dh l gk; rk l s  y2 – 5y + 6 dk xq.ku[ kaMu dhft , A

gy  : eku yhft ,   p(y) = y2 – 5y + 6 gSA vc] ; fn  p(y) = (y – a) (y – b) gks, rks ge t kurs
gSa fd bl dk vpj i n ab gksxkA vr%  ab = 6 gSA bl fy, ]  p(y) osQ xq.ku[ kaM i zkIr djus
osQ fy,  ge 6 osQ xq.ku[ kaM Kkr djrs gSaA

6 osQ xq.ku[ kaM 1] 2 vkSj 3 gSaA

vc] p(2) = 22 – (5 × 2) + 6 = 0
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bl fy, y – 2,  p(y) dk , d xq.ku[ kaM gSA

l kFk gh] p(3) = 32 – (5 × 3) + 6 = 0

bl fy, ] y – 3 Hkh  y2 – 5y + 6 dk , d xq.ku[ kaM gSA

vr%] y2 – 5y + 6 = (y – 2) (y – 3)

è; ku nhft ,  fd eè;  i n  –5y  dks foHkDr djosQ Hkh  y2 – 5y + 6 dk xq.ku[ kaMu fd; k
t k l drk gSA

vkb,  vc ge f=k?kkrh cgqi nksa dk xq.ku[ kaMu djsaA ; gk¡ i zkjaHk esa foHkDr&fof/  vf/ d
mi ; ksxh fl ¼ ugha gksxhA gesas i gys de l s de , d xq.ku[ kaM Kkr djuk vko' ; d gksrk
gS] t Sl k fd vki  uhps osQ mnkgj.k esa ns[ ksaxsA

mnkgj . k 10 : x3 – 23x2 + 142x – 120  dk xq.ku[ kaMu dhft , A

gy  : eku yhft , p(x) = x3 – 23x2 + 142x – 120 gSA

vc ge –120 osQ l Hkh xq.ku[ kaMksa dk i rk yxk, ¡xsA buesa oqQN xq.ku[ kaM gSa%

±1, ±2, ±3, ±4, ±5, ±6, ±8, ±10, ±12, ±15, ±20, ±24, ±30, ±60

t k¡p djus i j ] ge ; g i krs gSa fd  p(1) = 0 gSA vr%  (x – 1),  p(x) dk , d xq.ku[ kaM gSA

vc ge ns[ krs gSa fd  x3 – 23x2 + 142x – 120 = x3 – x2 – 22x2 + 22x + 120x – 120

                                           = x2(x –1) – 22x(x – 1) + 120(x – 1) (D; ksa\ )

                                            = (x – 1) (x2 – 22x + 120) [(x – 1) dks l oZfu"B ysdj]

bl s p(x) dks (x – 1) l s Hkkx nsdj Hkh i zkIr fd; k t k l drk FkkA

vc  x2 – 22x + 120  dk xq.ku[ kaMu ; k rks eè;  i n dks foHkDr djosQ ; k xq.ku[ kaM i zes;
dh l gk; rk l s fd; k t k l drk gSA eè;  i n dks foHkDr djus i j ] gesa ; g i zkIr gksrk gS%

x2 – 22x + 120 = x2 – 12x – 10x + 120

= x(x – 12) – 10(x – 12)

= (x – 12) (x – 10)

vr%] x3 – 23x2 – 142x – 120 = (x – 1)(x – 10)(x – 12)
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i z' ukoyh  2.3

1. crkb,  fd fuEufyf[ kr cgqi nksa esa l s fdl  cgqi n dk , d xq.ku[ kaM  x + 1 gSA

(i) x3 + x2 + x + 1 (ii) x4 + x3 + x2 + x + 1

(iii) x4 + 3x3 + 3x2 + x + 1 (iv) x3 – x2 –  2 2 2x 

2. xq.ku[ kaM i zes;  ykxw djosQ crkb,  fd fuEufyf[ kr fLFkfr; ksa esa l s i zR; sd fLFkfr esa  g(x),
p(x) dk , d xq.ku[ kaM gS ; k ugha%

(i) p(x) = 2x3 + x2 – 2x – 1, g(x) = x + 1
(ii) p(x) = x3 + 3x2 + 3x + 1, g(x) = x + 2
(iii) p(x) = x3 – 4x2 + x + 6, g(x) = x – 3

3. k dk eku Kkr dhft ,  t cfd fuEufyf[ kr fLFkfr; ksa esa l s i zR; sd fLFkfr esa  (x – 1),  p(x)
dk , d xq.ku[ kaM gks %

(i) p(x) = x2 + x + k (ii) p(x) = 2x2 + kx + 2
(iii) p(x) = kx2 – 2 x + 1 (iv) p(x) = kx2 – 3x + k

4. xq.ku[ kaM Kkr dhft , %

(i) 12x2 – 7x + 1 (ii) 2x2 + 7x + 3
(iii) 6x2 + 5x – 6 (iv) 3x2 – x – 4

5. xq.ku[ kaM Kkr dhft , %

(i) x3 – 2x2 – x + 2 (ii) x3 – 3x2 – 9x – 5
(iii) x3 + 13x2 + 32x + 20 (iv) 2y3 + y2 – 2y – 1

2.5  cht h;  l oZl fedk, ¡

fi Nyh d{kkvksa esa] vki  ; g i <+ pqosQ gSa fd cht h;  l oZl fedk (algebraic identity) , d
cht h;  l ehdj.k gksrh gS t ks fd pjksa osQ l Hkh ekuksa osQ fy,  l R;  gksrh gSA fi Nyh d{kkvksa
esa] vki  fuEufyf[ kr cht h;  l oZl fedkvksa dk vè; ; u dj pqosQ gSa%

l oZl fedk I : (x + y)2 = x2 + 2xy + y2

l oZl fedk II : (x – y)2 = x2 – 2xy + y2

l oZl fedk III : x2 – y2 = (x + y) (x – y)

l oZl fedk IV : (x + a) (x + b) = x2 + (a + b)x + ab

bu cht h;  l oZl fedkvksa esa l s oqQN dk i z; ksx vki us cht h;  O; at dksa osQ xq.ku[ kaM Kkr
djus esa vo' ;  fd; k gksxkA vki  budh mi ; ksfxrk vfHkdyuksa (computations) esa Hkh ns[ k
l drs gSaA
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mnkgj . k 11 : mi ; qDr l oZl fedkvksa dk mi ; ksx djosQ fuEufyf[ kr xq.kui Qy Kkr
dhft , %

(i) (x + 3) (x + 3) (ii) (x – 3) (x + 5)

gy  : (i) ; gk¡ ge l oZl fedk I (x + y)2 = x2 + 2xy + y2 dk i z; ksx dj l drs gSaA bl
l oZl fedk esa  y = 3 j [ kus i j] gesa ; g i zkIr gksrk gS%

(x + 3) (x + 3) = (x + 3)2 =  x2 + 2(x)(3) + (3)2

= x2 + 6x + 9

(ii) l oZl fedk IV vFkkZr~  (x + a) (x + b) = x2 + (a + b)x + ab dks ykxw djus i j ] gesa ; g
i zkIr gksrk gS%

(x – 3) (x + 5) = x2 + (–3 + 5)x + (–3)(5)

= x2 + 2x – 15

mnkgj . k 12 : l h/ s xq.kk u djosQ 105 × 106 dk eku Kkr dhft , A

gy  : 105 × 106 = (100 + 5) × (100 + 6)

= (100)2 + (5 + 6) (100) + (5 × 6) ( l oZl fedk IV ykxw djosQ)

= 10000 + 1100 + 30

= 11130

oqQN fn,  gq,  O; at dksa dk xq.kui Qy Kkr djus osQ fy, ] geus Åi j crk; h xbZ oqQN
l oZl fedkvksa dk i z; ksx fd; k gSA ; s l oZl fedk, ¡ cht h;  O; at dksa dk xq.ku[ kaMu djus esa
Hkh mi ; ksxh gksrh gSa] t Sl k fd vki  uhps fn,  x,  mnkgj.k esa ns[ k l drs gSaA

mnkgj . k 13 : xq.ku[ kaM Kkr dhft , %

(i) 49a2 + 70ab + 25b2 (ii) 
2

225
4 9

yx 

gy  : (i) ; gk¡ vki  ; g ns[ k l drs gSa fd

49a2 = (7a)2, 25b2 = (5b)2, 70ab = 2(7a) (5b)

x2 + 2xy + y2  osQ l kFk fn,  gq,  O; at d dh rqyuk djus i j ] ge ; g i krs gSa fd  x = 7a
vkSj y = 5b gSA

l oZl fedk I ykxw djus i j ] gesa ; g i zkIr gksrk gS%

49a2 + 70ab + 25b2 = (7a + 5b)2 = (7a + 5b) (7a + 5b)
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(ii) ; gk¡ 
2 22

225 5– –
4 9 2 3

y yx x       
   

l oZl fedk III osQ l kFk bl dh rqyuk djus i j ] gesa ; g i zkIr gksrk gS%

2
225 –

4 9
yx  =

2 25 –
2 3

yx   
   
   

= 5 5
2 3 2 3

y yx x       
   

vHkh rd gekjh l Hkh l oZl fedk, ¡ f}i nksa osQ xq.kui Qyksa l s l acaf/ r jgh gSaA vkb,  vc ge
l oZl fedk I dks f=ki n x + y + z i j  ykxw djsaA ge l oZl fedk I ykxw djosQ] (x + y + z)2

dk vfHkdyu djsaxsA

eku yhft ,   x + y = t gSA rc]

(x + y + z)2 = (t + z)2

= t2 + 2tz + t2 (l oZl fedk I ykxw djus i j)

= (x + y)2 + 2(x + y)z + z2 (t dk eku i zfrLFkkfi r djus i j )

= x2 + 2xy + y2 + 2xz + 2yz + z2 (l oZl fedk I ykxw djus i j)

= x2 + y2 + z2 + 2xy + 2yz + 2zx (i nksa dks foU; kfl r djus i j )

vr% geas fuEufyf[ kr l oZl fedk i zkIr gksrh gS%

l oZl fedk V : (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx

fVIi . kh : ge nk, ¡ i {k osQ O; at d dks ck, ¡ i {k osQ O; at d dk i zl kfjr : i  ekurs gSaA
è; ku nhft ,  fd  (x + y + z)2  osQ i zl kj essa rhu oxZ i n vkSj rhu xq.kui Qy i n
gSaA

mnkgj . k 14 : (3a + 4b + 5c)2  dks i zl kfjr : i  esa fyf[ k, A

gy  : fn,  gq,  O; at d dh (x + y + z)2  osQ l kFk rqyuk djus i j ] ge ; g i krs gSa fd

x = 3a, y = 4b vkSj  z = 5c

vr% l oZl fedk V ykxw djus i j ] gesa ; g i zkIr gksrk gS%
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(3a + 4b + 5c)2 = (3a)2 + (4b)2 + (5c)2 + 2(3a)(4b) + 2(4b)(5c) + 2(5c)(3a)
= 9a2 + 16b2 + 25c2 + 24ab + 40bc + 30ac

mnkgj . k 15 :  (4a – 2b – 3c)2  dk i zl kj dhft , A

gy  : l oZl fedk V ykxw djus i j ] gesa ; g i zkIr gksrk gS%
(4a – 2b – 3c)2 = [4a + (–2b) + (–3c)]2

= (4a)2 + (–2b)2 + (–3c)2 + 2(4a)(–2b) + 2(–2b)(–3c) + 2(–3c)(4a)
= 16a2 + 4b2 + 9c2 – 16ab + 12bc – 24ac

mnkgj . k 16 : 4x2 + y2 + z2 – 4xy – 2yz + 4xz  dk xq.ku[ kaMu dhft , A

gy  : ; gk¡  4x2 + y2 + z2 – 4xy – 2yz + 4xz = (2x)2 + (–y)2 + (z)2 + 2(2x)(–y)
+ 2(–y)(z) + 2(2x)(z)

= [2x + (–y) + z]2 (l oZl fedk V ykxw djus i j)
= (2x – y + z)2 = (2x – y + z) (2x – y + z)

vHkh rd geus f}?kkr i nksa l s l acaf/ r l oZl fedkvksa dk gh vè; ; u fd; k gSA vkb,  vc
ge l oZl fedk I dks (x + y)3  vfHkdfyr djus esa ykxw djsaA ; gk¡]

(x + y)3 = (x + y) (x + y)2

= (x + y)(x2 + 2xy + y2)
= x(x2 + 2xy + y2) + y(x2 + 2xy + y2)
= x3 + 2x2y + xy2 + x2y + 2xy2 + y3

= x3 + 3x2y + 3xy2 + y3

= x3 + y3 + 3xy(x + y)

vr%] gesa fuEufyf[ kr l oZl fedk i zkIr gksrh gS%

l oZl fedk VI : (x + y)3 = x3 + y3 + 3xy (x + y)

l oZl fedk VI essa  y  osQ LFkku i j   – y j [ kus i j ] gesa i zkIr gksrk gS%

l oZl fedk VII : (x – y)3 = x3 – y3 – 3xy(x – y)
= x3 – 3x2y + 3xy2 – y3

mnkgj . k 17 : fuEufyf[ kr ?kuksa dks i zl kfjr : i  esa fyf[ k, %
(i) (3a + 4b)3 (ii) (5p – 3q)3

gy  : (i)  (x + y)3  osQ l kFk fn,  x,  O; at d dh rqyuk djus i j  ge] ; g i krs gSa fd

x = 3a vkSj  y = 4b
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vr% l oZl fedk VI dk i z; ksx djus i j ] gesa ; g i zkIr gksrk gS%

(3a + 4b)3 = (3a)3 + (4b)3 + 3(3a)(4b)(3a + 4b)
= 27a3 + 64b3 + 108a2b + 144ab2

(ii) (x – y)3  osQ l kFk fn,  gq,  O; at d dh rqyuk djus i j ] ge ; g i krs gSa fd

x = 5p vkSj y = 3q

l oZl fedk VII ykxw djus i j ] gesa ; g i zkIr gksrk gS%

(5p – 3q)3 = (5p)3 – (3q)3 – 3(5p)(3q)(5p – 3q)
= 125p3 – 27q3 – 225p2q + 135pq2

mnkgj . k 18 : mi ; qDr l oZl fedk, ¡ i z; ksx djosQ] fuEufyf[ kr esa l s i zR; sd dk eku Kkr
dhft , %

(i) (104)3 (ii) (999)3

gy  : (i) ; gk¡
(104)3 = (100 + 4)3

= (100)3 + (4)3 + 3(100)(4)(100 + 4)

(l oZl fedk VI dk i z; ksx djus i j )
= 1000000 + 64 + 124800
= 1124864

(ii) ; gk¡
(999)3 = (1000 – 1)3

= (1000)3 – (1)3 – 3(1000)(1)(1000 – 1)

(l oZl fedk VII dk i z; ksx djus i j )
= 1000000000 – 1 – 2997000
= 997002999

mnkgj . k 19 : 8x3 + 27y3 + 36x2y + 54xy2  dk xq.ku[ kaMu dhft , A

gy  : fn,  gq,  O; at d dks bl  i zdkj fy[ kk t k l drk gS%
(2x)3 + (3y)3 + 3(4x2)(3y) + 3(2x)(9y2)

= (2x)3 + (3y)3 + 3(2x)2(3y) + 3(2x)(3y)2

= (2x + 3y)3 (l oZl fedk VI dk i z; ksx djus i j )
= (2x + 3y) (2x + 3y) (2x + 3y)
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vc (x + y + z) (x2 + y2 + z2 – xy – yz – zx) dk i zl kj djus i j ] gesa xq.kui Qy bl  : i
esa i zkIr gksrk gS%

x(x2 + y2 + z2 – xy – yz – zx) + y(x2 + y2 + z2 – xy – yz – zx)
+ z(x2 + y2 + z2 – xy – yz – zx)

= x3 + xy2 + xz2 – x2y – xyz – zx2 + x2y + y3 + yz2 – xy2 – y2z – xyz
+ x2z + y2z + z3 – xyz – yz2 – xz2

= x3 + y3 + z3 – 3xyz (l jy djus i j )

vr%] gesa fuEufyf[ kr l oZl fedk i zkIr gksrh gS%

l oZl fedk VIII : x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy – yz – zx)

mnkgj . k 20 : 8x3 + y3 + 27z3 – 18xyz  dk xq.ku[ kaMu dhft , A

gy  : ; gk¡]

8x3 + y3 + 27z3 – 18xyz
= (2x)3 + y3 + (3z)3 – 3(2x)(y)(3z)
= (2x + y + 3z)[(2x)2 + y2 + (3z)2 – (2x)(y) – (y)(3z) – (2x)(3z)]
= (2x + y + 3z) (4x2 + y2 + 9z2 – 2xy – 3yz – 6xz)

i z' ukoyh  2.4

1. mi ; qDr l oZl fedkvksa dks i z; ksx djosQ fuEufyf[ kr xq.kui Qy Kkr dhft , %

(i) (x + 4) (x + 10) (ii) (x + 8) (x – 10) (iii) (3x + 4) (3x – 5)

(iv) (y2 + 
3
2

) (y2 – 
3
2

) (v) (3 – 2x) (3 + 2x)

2. l h/ s xq.kk fd,  fcuk fuEufyf[ kr xq.kui Qyksa osQ eku Kkr dhft , %

(i) 103 × 107 (ii) 95 × 96 (iii) 104 × 96

3. mi ; qDr l oZl fedk, ¡ i z; ksx djosQ fuEufyf[ kr dk xq.ku[ kaMu dhft , %

(i) 9x2 + 6xy + y2 (ii) 4y2 – 4y + 1 (iii) x2 – 
2

100
y

4. mi ; qDr l oZl fedkvksa dk i z; ksx djosQ fuEufyf[ kr esa l s i zR; sd dk i zl kj dhft , %

(i) (x + 2y + 4z)2 (ii) (2x – y + z)2 (iii) (–2x + 3y + 2z)2

(iv) (3a – 7b – c)2 (v) (–2x + 5y – 3z)2 (vi)
21 1 1

4 2
a b    
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5. xq.ku[ kaMu dhft , %

(i) 4x2 + 9y2 + 16z2 + 12xy – 24yz – 16xz

(ii) 2x2 + y2 + 8z2 – 2 2 xy + 4 2 yz – 8xz

6. fuEufyf[ kr ?kuksa dks i zl kfjr : i  esa fyf[ k, %

(i) (2x + 1)3 (ii) (2a – 3b)3

(iii)
33 1

2
x   

(iv)
32

3
x y   

7. mi ; qDr l oZl fedk, ¡ i z; ksx djosQ fuEufyf[ kr osQ eku Kkr dhft , %

(i) (99)3 (ii) (102)3 (iii) (998)3

8. fuEufyf[ kr esa l s i zR; sd dk xq.ku[ kaMu dhft , %

(i) 8a3 + b3 + 12a2b + 6ab2 (ii) 8a3 – b3 – 12a2b + 6ab2

(iii) 27 – 125a3 – 135a + 225a2 (iv) 64a3 – 27b3 – 144a2b + 108ab2

(v) 27p3 – 1
216

 – 29 1
2 4

p p

9. l R; kfi r dhft ,%  (i) x3 + y3 = (x + y) (x2 – xy + y2) (ii) x3 – y3 = (x – y) (x2 + xy + y2)

10. fuEufyf[ kr esa l s i zR; sd dk xq.ku[ kaMu dhft , %

                     (i) 27y3 + 125z3 (ii) 64m3 – 343n3

[l aosQr : nsf[ k,  i z' u 9]

11. xq.ku[ kaMu dhft , %  27x3 + y3 + z3 – 9xyz

12. l R; kfi r dhft ,%  x3 + y3 + z3 – 3xyz = 2 2 21 ( ) ( ) ( ) ( )
2

x y z x y y z z x        

13. ; fn  x + y + z = 0 gks, rks fn[ kkb,  fd  x3 + y3 + z3 = 3xyz gSA

14. okLro esa ?kuksa dk i fjdyu fd,  fcuk fuEufyf[ kr esa l s i zR; sd dk eku Kkr dhft , %

(i) (–12)3 + (7)3 + (5)3 (ii) (28)3 + (–15)3 + (–13)3

15. uhps fn,  x,  vk; rksa] ft uesa muosQ {ks=ki Qy fn,  x,  gSa] esa l s i zR; sd dh yackbZ vkSj pkSM+kbZ
osQ fy,  l aHko O; at d nhft , %

{ks=ki Qy : 25a2 – 35a + 12       {ks=ki Qy : 35y2 + 13y –12

                              (i) (ii)
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16. ?kukHkksa (cuboids), ft uosQ vk; ru uhps fn,  x,  gSa fd] foekvksa osQ fy,  l aHko O; at d
D; k gSa\

    vk; ru : 3x2 – 12x   vk; ru : 12ky2 + 6ky – 20k

                              (i) (ii)

2.6  l kj ka' k

bl  vè; k;  esa] vki us fuEufyf[ kr fcanqvksa dk vè; ; u fd; k gS%

1. , d pj okyk cgqi n  p(x) fuEu : i  dk  x  esa ,d cht h;  O; at d gS%

p(x) = anx
n + an–1x

n – 1 + . . . + a2x
2 + a1x + a0,

t gk¡  a0, a1, a2, . . ., an vpj gSa vkSj  an  0 gSA a0, a1, a2, . . ., an  Øe' k%  x0, x, x2, . . ., xn

osQ xq.kkad gSa vkSj  n  dks cgqi n dh ?kkr dgk t krk gSA i zR; sd  anx
n, an–1 x

n–1, ..., a0, t gk¡
an  0, dks cgqi n  p(x) dk i n dgk t krk gSA

2. , d i n okys cgqi n dks , di nh dgk t krk gSA

3. nks i nksa okys cgqi n dks f}i n dgk t krk gSA

4. rhu i nksa okys cgqi n dks f=ki n dgk t krk gSA

5. , d ?kkr okys cgqi n dks jSf[ kd cgqi n dgk t krk gSA

6. nks ?kkr okys cgqi n dks f}?kkrh cgqi n dgk t krk gSA

7. rhu ?kkr okys cgqi n dks f=k?kkrh cgqi n dgk t krk gSA

8. okLrfod l a[ ; k ‘a’,  cgqi n  p(x) dk , d ' kwU; d gksrh gS] ; fn  p(a) = 0 gksA

9. , d pj esa i zR; sd jSf[ kd cgqi n dk , d v f}rh;  ' kwU; d gksrk gSA , d ' kwU; srj vpj cgqi n
dk dksbZ ' kwU; d ugha gS vkSj i zR; sd okLrfod l a[ ; k ' kwU;  cgqi n dk , d ' kwU; d gksrh gSA

10. ; fn  p(a) = 0 gks] rks x – a cgqi n  p(x) dk , d xq.ku[ kaM gksrk gS vkSj ; fn x – a, p(x) dk
, d xq.ku[ kaM gks] rks p(a) = 0 gksrk gSA

11. (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx
12. (x + y)3 = x3 + y3 + 3xy(x + y)
13. (x – y)3 = x3 – y3 – 3xy(x – y)
14. x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy – yz – zx)
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v è; k; 3

funsZ' kkad T; kfefr

What’s the good of Mercator’s North Poles and Equators, Tropics, Zones and
Meridian Lines? So the Bellman would cry; and crew would reply ‘ They are
merely conventional signs!’

(ejosQVj ds mÙkjh / zqoksa vkSj fo"kqor òÙkksa] m".k dfVca/ ksa] eaMyksa vkSj ; keksÙkj js[ kkvksa esa
D; k vPNkbZ gS\  bl fy,  csyeSu us ' kksj epk; k gksxk vkSj ukfod ny us mÙkj fn; k gksxk]
^̂ ; s osQoy i jai jkxr fpÉ gSa**A)

LEWIS CARROLL, The Hunting of the Snark

3.1 Hkwfedk

vki  ; g i <+ pqosQ gSa fd , d l a[ ; k js[ kk i j
, d fcUnq dk LFkku fu/ kZj.k fdl  i zdkj fd; k
t krk gSA vki  ; g Hkh i <+ pqosQ gSa fd , d js[ kk
i j  , d fcUnq dh fLFkfr dh O; k[ ; k fdl
i zdkj dh t krh gSA , sl h vusd fLFkfr; k¡ gSa
ft uessa , d fcUnq Kkr djus osQ fy,  gesa , d
l s vf/ d js[ kkvksa osQ l anHkZ esa ml dh fLFkfr
dh O; k[ ; k djuh gksrh gSA mnkgj.k osQ fy, ]
fuEufyf[ kr fLFkfr; ksa i j  fopkj dhft , %

I. vkòQfr 3-1 esa , d eq[ ;  ekxZ gS t ks i woZ
l s i f' pe dh vksj t krk gS vkSj bl  i j  dqN
l M+dsa cuh gSa] budh l M+d (ekxZ)  l a[ ; k, ¡
i f' pe l s i woZ d h v ksj  nh xbZ gSaA

v kÑfr  3-1
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i zR; sd l M+d (ekxZ)  i j cus edkuksa i j  l a[ ; k, ¡ vafdr dj nh xbZ gSaA vki dks ; gk¡ vi uh
l gsyh osQ edku dk i rk yxkuk gSA D; k bl osQ fy,  osQoy , d funsZ' k&fcUnq dk Kkr gksuk
i ; kZIr gksxk\  mnkgj.k osQ fy, ] ; fn gesa osQoy ; g Kkr gks fd og l M+d 2 i j  jgrh
gS rks D; k ge ml osQ ?kj dk i rk l jyrk l s yxk l drs gSa\  mruh l jyrk l s ugha ft ruh
l jyrk l s rc t cfd gesa nks t kudkfj ; k¡ vFkkZr~ l M+d dh og l a[ ; k ft l  i j  ml dk
edku gS vkSj edku dh l a[ ; k Kkr gksus i j  gksrh gSA ; fn vki  ml  edku i j  t kuk pkgrs
gSa t ks l M+d 2 i j  fLFkr gS vkSj ft l dh l a[ ; k 5 gS] rks l cl s i gys vki dks ; g i rk
yxkuk gksxk fd l M+d 2 dkSu&l h gS vkSj rc ml  edku dk i rk yxkuk gksrk gS ft l dh
l a[ ; k 5 gSA vkòQfr 3-1 esa H bl h edku dk LFkku n' kkZrk gSA bl h i zdkj] P ml  edku
dks n' kkZrk gS t ks l M+d l a[ ; k 7 i j  gS vkSj ft l dh l a[ ; k 4 gSA

II. eku yhft ,  v ki  , d  dkxt  dh ' khV i j  , d  fcUnq yxk nsrs gSa
[vkòQfr 3-2 (a) ]A ; fn ge vki l s dkx”k i j  yxs fcUnq dh fLFkfr osQ ckjs esa i wNsa] rks
vki  bl s oSQl s crk, ¡xs\  l aHkor% vki  bl  i z' u dk mÙkj bl  i zdkj nsa % ¶fcUnq dkx”k osQ
vk/ s osQ Åi jh Hkkx esa fLFkr gŞ ; k ^̂; g Hkh dg l drs gSa fd ; g fcUnq dkx”k dh ck; ha
dksj osQ fudV fLFkr gS** ; k ^̂; g fcUnq dkx”k dh ck; ha vksj osQ Åi jh dksus osQ dki Qh
fudV fLFkr gSA̧ D; k Åi j  fn,  x,  dFkuksa esa l s fdl h Hkh dFku osQ vk/ kj i j  vki  fcUnq
dh Bhd&Bhd fLFkfr crk l drs gSa\  Li "V gS fd mÙkj ^̂ugha** gSA i jUrq] ; fn vki  ; g
dgsa fd ¶fcUnq dkx”k dh ck; ha dksj l s yxHkx 5 cm nwj gS] rks bl l s vki dks fcUnq dh
fLFkfr dk vkHkkl  rks gks t krk gS fi Qj Hkh Bhd&Bkd fLFkfr dk i rk ugha pyrkA FkksM+k cgqr
l ksp&fopkj osQ ckn vki  ; g dg l drs gSa fd l cl s uhps okyh js[ kk l s fcUnq 9 cm dh
nwjh i j  gSA vc ge fcUnq dh fLFkfr Bhd&Bkd crk l drs gSaA

v koQ̀fr   3.2
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bl osQ fy,  ge nks fu; r js[ kkvksa vFkkZr~ dkxt  dh ck; ha dksj vkSj dkx”k dh l cl s uhps
okyh js[ kk l s fcUnq dh fLFkfr fu; r djrs gSa [vkòQfr 3-2 (b) ]A nwl js ' kCnksa esa] ge ; g
dg l drs gSa fd fcUnq dh fLFkfr Kkr djus osQ fy,  nks Lora=k l wpukvksa dk gksuk vko' ; d
gksrk gSA

vc vki  d{kk esa ¶cSBus dh ; kst uķ  uked fuEufyf[ kr fØ; kdyki  dhft ,%

fØ; kdyki  1 ( cSBus dh ; kst uk)  : l Hkh es”kksa dks , d l kFk [ khapdj v i uh d{kk esa
cSBus dh , d ; kst uk cukb, A i zR; sd es”k dks , d oxZ l s fu: fi r dhft , A i zR; sd oxZ esa
ml  fo| kFkhZ dk uke fyf[ k,  ft l  i j  og cSBrk gS vkSj ft l s og oxZ fu: fi r djrk gSA
d{kk esa i zR; sd fo| kFkhZ dh fLFkfr dk Bhd&Bhd fu/ kZj.k fuEufyf[ kr nks l wpukvksa dh
l gk; rk l s fd; k t krk gSA

(i) og LraHk ft l esa og cSBrk@cSBrh gSA

(ii) og i afDr ft l esa og cSBrk@cSBrh gSA

; fn vki  ml  es”k i j  cSBrs gSa t ks 5osa LraHk vkSj rhl jh i afDr esa gS] ft l s
vkòQfr 3-3 esa Nkf; r oxZ l s fn[ kk; k x; k gS] rks vki dh fLFkfr dks (5] 3)  osQ : i  esa
O; Dr fd; k t k l drk gS] t gk¡ i gyh l a[ ; k LraHk l a[ ; k dks i zdV djrh gS vkSj nwl jh
l a[ ; k i afDr l a[ ; k dks i zdV djrh gSA D; k ; g ogh gS t ks fd (3] 5)  gS\ vki  vi uh
d{kk osQ vU;  fo| kfFkZ; ksa osQ uke vkSj muosQ cSBus dh fLFkfr; k¡ fy[ ksaA mnkgj.k osQ fy, ]
; fn l ksfu; k pkSFks LraHk vkSj i gyh i afDr esa cSBrh gS] rks ml osQ fy,  S(4] 1)  fyf[ k, A
f' k{kd dh es”k vki osQ cSBus dh ; kst uk osQ varxZr ugha vkrh gSA ; gk¡ ge f' k{kd dks
osQoy , d i zs{kd gh ekurs gSaA

v koQ̀fr  3.3

    
    

    
    

 @
KTBS 

NOT TO BE R
EPUBLIS

HED



funsZ' kkad T; kfefr 53

Åi j dh ppkZ esa vki us ; g ns[ kk gS fd , d ry i j j[ kh gqbZ fdl h oLrq dh fLFkfr
nks yac js[ kkvksa dh l gk; rk l s fu: fi r dh t k l drh gSA ; fn oLrq , d fcUnq gS] rks gesa
l cl s uhps okyh js[ kk l s vkSj dkxt  dh ck; ha dksj l s fcUnq dh nwjh Kkr gksuk vko' ; d
gksrk gSA ^̂cSBus dh ; kst uk** osQ l aca/  esa gesa LraHk dh l a[ ; k vkSj i afDr dh l a[ ; k dk t kuuk
vko' ; d gksrk gSA bl  l jy fopkj/ kjk ds nwjxkeh i fj.kke gksrs gSa vkSj bl l s xf.kr dh
funsZ' kkad T; kfefr  (Coordinate Geometry) uked ,d vfr egRoi w.kZ ' kk[ kk dh O; qRi fÙk
gqbZA bl  vè; k;  esa] gekjk y{;  funsZ' kkad T; kfefr dh oqQN vk/ kjHkwr l adYi ukvksa l s vki dks
i fjfpr djkuk gSA bl osQ ckjs esa vki  foLrkj l s vè; ; u mPp d{kkvksa esa djsaxsA i zkjaHk esa
i zQkal hl h nk' kZfud vkSj xf.krK j sus ndkrsZ us bl  vè; ; u dks fodfl r fd; k FkkA

oqQN yksx i zkr%dky esa fcLrj i j ysVs jguk i l an djrs gSaA
; gh vknr l =kgoha ' krkCnh osQ egku i zQkal hl h xf.krK
j sus ndkrsZ dh FkhA i jUrq og vkyl h O; fDr ugha Fkk] og ; g
l e>rk Fkk fd fcLrj i j i M+s&i M+s gh v f/ d p̄ru fd; k
t k l drk gSA , d fnu t cfd og v i us fcLrj i j ysVs&ysVs
vkjke dj jgk Fkk] ml us , d ry esa , d fcUnq dh fLFkfr
dk fu/ kZj.k djus l s l acaf/ r l eL; k dk gy <w¡<+ fudkykA
t Sl kfd vki  ns[ ksaxs ml dh fof/  v {kka' k vkSj ns' kkarj dh i qjkuh
fopkj/ kjk dh gh , d fodfl r : i  FkhA , d ry dh , d
fcUnq dh fLFkfr dk fu/ kZj.k djus esa i z; qDr i ¼fr dks ndkrsZ
osQ l Eeku esa dkrhZ;  i ¼fr  (Cartesian System) Hkh
dgk t krk gSA

i z' ukoyh 3.1

1. , d vU;  O; fDr dks vki  v i us vè; ; u est  i j j[ ks Vscy ySai  dh fLFkfr fdl  rjg
crk, ¡xs\

2. ( l M+d  ; kst uk)  : , d uxj esa nks eq[ ;  l M+osaQ gSa] t ks uxj osQ osQUnz i j feyrh gSaA ; s
nks l M+osaQ mÙkj&nf{k.k dh fn' kk vkSj i woZ&i f' pe dh fn' kk esa gSaA uxj dh vU;  l Hkh
l M+osaQ bu eq[ ;  l M+dksa osQ l ekarj i jLi j 200 ehVj dh nwjh i j gSaA i zR; sd fn' kk esa yxHkx
i k¡p l M+osaQ gSaA 1 l saVhehVj = 200 ehVj dk i Sekuk ysdj v i uh uksV cqd esa uxj dk , d
ekWMy cukb, A l M+dksa dks , dy js[ kkvksa l s fu: fi r dhft , A

j sus ndkrsZ  (1596 -1650)

v kÑfr  3-4
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vki osQ ekWMy esa , d&nwl js dks dkVrh gqbZ vusd ØkWl &LVªhV (pkSjkgs)  gks l drh gSaA
, d fo' ks"k ØkWl &LVªhV nks l M+dksa l s cuh gS] ft uesa l s , d mÙkj&nf{k.k fn' kk esa t krh gS
vkSj nwl jh i woZ&i f' pe dh fn' kk esaA i zR; sd ØkWl &LVªhV dk funsZ' ku bl  i zdkj fd; k t krk
gS% ; fn nwl jh l M+d mÙkj&nf{k.k fn' kk esa t krh gS vkSj i k¡poha l M+d i woZ&i f' pe fn' kk
esa t krh gS vkSj ; s , d ØkW̄l x i j feyrh gSa] rc bl s ge ØkWl &LVªhV (2] 5)  dgsaxsA bl h
i jai jk l s ; g Kkr dhft ,  fd

(i) fdruh ØkWl &LVªhVksa dks (4] 3)  ekuk t k l drk gSA

(ii) fdruh ØkWl &LVªhVksa dks (3] 4)  ekuk t k l drk gSA

3.2 dkrhZ;  i ¼fr

l̂ a[ ; k i ¼fr* osQ vè; k;  esa vki  l a[ ; k j s[ kk osQ ckjs esa i <+ pqosQ gSaA l a[ ; k js[ kk i j , d
fu; r fcUnq l s nwfj; ksa dks cjkcj , ddksa esa , d fn' kk esa / ukRed vkSj nwl jh fn' kk esa
½.kkRed vafdr fd; k t krk gSA ml  fcUnq dks] t gk¡ l s nwfj; k¡ vafdr dh t krh gSa] ewy&
fcUnq (origin) dgk t krk gSA ,d js[ kk i j  l eku nwfj; ksa i j  fcUnqvksa dks vafdr djosQ]
ge l a[ ; k js[ kk dk i z; ksx l a[ ; kvksa dks fu: fi r djus osQ fy,  djrs gSaA ; fn , d , dd
nwjh l a[ ; k 1̂* dks fu: fi r djrh gks] rks 3 , dd nwjh l a[ ; k 3̂* dks fu: fi r djsxh] t gk¡
'O' ewyfcUnq gSA ewyfcUnq l s / ukRed fn' kk esa nwjh r i j fLFkr fcUnq l a[ ; k r dks fu: fi r
djrh gSA ewyfcUnq l s ½.kkRed fn' kk esa nwjh r i j fLFkr fcUnq l a[ ; k r dks fu: fi r djrh
gSA l a[ ; k js[ kk i j  fofHkUu l a[ ; kvksa osQ LFkku vkòQfr 3-5 esa fn[ kk,  x,  gSaA

v koQ̀fr   3.5

ndkrsZ us , d ry i j  , d nwl js i j  yac nks js[ kkvksa dks [ khapus vkSj bu js[ kkvksa osQ
l ki s{k ry i j  fcUnqvksa dk LFkku fu/ kZj.k djus dk fopkj i zLrqr fd; kA yac js[ kk, ¡ fdl h
Hkh fn' kk esa gks l drh gSa] t Sl k fd vkòQfr 3-6 esa fn[ kk; k x; k gSA ysfdu t c ge bl
vè; k;  essa , d ry esa fLFkr , d fcUnq dk LFkku fu/ kZj.k djus osQ fy,  nks js[ kk, ¡ yasxs]
rks , d js[ kk {kSfrt  gksxh vkSj nwl jh js[ kk ÅèokZ/ j] t Sl k fd vkòQfr 3-6 (c)  esa fn[ kk; k
x; k gSA
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v koQ̀fr   3.6

okLro esa ; s js[ kk, ¡ bl  i zdkj i zkIr dh t krh gSa % nks l a[ ; k js[ kk, ¡
yhft ,  vkSj mUgsa XX vkSj  YY dk uke ns nhft , A  XX dks {kSfrt  j f[ k,
[t Sl k fd vkòQfr  3.7( a)  esa fn[ kk; k x; k gS] vkSj bl  i j  Bhd ml h
i zdkj l a[ ; k, ¡ fyf[ k,  t Sl k fd l a[ ; k js[ kk i j  fy[ kh t krh gSaA ; s gh l Hkh
fØ; k, ¡ vki  YY osQ l kFk dhft , A varj osQoy ; gh gS fd  YY {kSfrt
ugha gS] vfi rq ÅèokZ/ j gS [nsf[ k,  vkÑfr 3.7 (b)]A

v koQ̀fr   3.7

nksuksa js[ kkvksa dk l a; kst u bl  i zdkj dhft ,  fd ; s nks js[ kk, ¡ , d&nwl js dks ewyfcUnq
i j  dkVrh gksa (vkòQfr 3-8)A {kSfrt  js[ kk  XX  dks  x - v{k dgk t krk gS vkSj ÅèokZèkj
js[ kk  YY  dks y - v{k dgk t krk gSA og fcUnq] t gk¡  XX  vkSj  YY  , d&nwl js dks dkVrh
gSa] ml s ewyfcUnq (origin) dgk t krk gS vkSj bl s O l s i zdV fd; k t krk gSA D; ksafd
èkukRed l a[ ; k, ¡  OX vkSj   OY dh fn' kkvksa esa fLFkr gSa] bl fy,  OX vkSj  OY dks Øe' k%
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x-v{k vkSj  y-v{k dh / ukRed fn' kk, ¡ dgk t krk gSA bl h i zdkj] OX vkSj  OY dks
x-v{k vkSj  y-v{k dh Øe' k% ½.kkRed fn' kk, ¡ dgk t krk gSA

; gk¡ vki  ; g ns[ krs gSa fd ; s nksuksa v{k ry dks pkj Hkkxksa esa foHkkft r djrh gSaA bu
pkj Hkkxksa dks prqFkk±' k (quadrants) ( , d&pkSFkkbZ) dgk t krk gSA  OX l s okekorZ fn' kk esa
bUgsa I, II, III vkSj  IV prqFkk±' k dgk t krk gS (nsf[ k,  vkòQfr 3-9)A bl  i zdkj] bl  ry esa
nksuksa v{k vkSj pkjksa prqFkk±' k l fEefyr gSaA ge bl  ry dks dkrhZ;  ry (Cartesian
plane) ; k funsZ' kkad ry (Coordinate plane) ; k  xy-ry (xy-plane) dgrs gSaA v{kksa dks
funsZ' kkad v{k (coordinate axes) dgk t krk gSA

v koQ̀fr  3.8 v koQ̀fr  3.9

vkb,  vc ge ; g ns[ ksa fd xf.kr esa bl  i ¼fr dk bruk egRo D; ksa gS vkSj ; g fdl
i zdkj mi ; ksxh gksrh gSA vkxs fn; k x; k vkjs[ k yhft , ] t gk¡ v{kksa dks vkys[ k dkxt
(graph paper) i j [ khapk x; k gSA vkb,  ge v{kksa l s fcUnqvksa  P  vkSj  Q  dh nwfj; k¡ Kkr
djsaA bl osQ fy,   x-v{k i j  yac PM vkSj  y-v{k i j  yac PN Mkfy, A bl h i zdkj] ge yac
QR  vkSj  QS Mkyrs gSa] t Sl k fd vkòQfr 3-10 esa fn[ kk; k x; k gSA
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v koQ̀fr  3.10

vki  i krs gSa fd
(i) y-v{k l s fcUnq P dh ykafcd nwjh] ft l s  x-v{k dh / ukRed fn' kk esa eki k x; k

gS]  PN = OM = 4 , dd gSA

(ii) x-v{k l s fcUnq P dh ykafcd nwjh] ft l s  y-v{k dh / ukRed fn' kk esa eki k x; k
gS] PM = ON = 3 , dd gSA

(iii) y-v{k l s fcUnq  Q dh ykafcd nwjh] ft l s  x-v{k dh ½.kkRed fn' kk esa eki k x; k
gS] OR = SQ = 6 , dd gSA

(iv) x-v{k l s fcUnq Q dh ykafcd nwjh] ft l s  y-v{k dh ½.kkRed fn' kk eas eki k x; k
gS]  OS = RQ = 2 , dd gSA

bu nwfj; ksa dh l gk; rk l s ge fcUnqvksa dk fu/ kZj.k fdl  i zdkj djsa fd dksbZ Hkze u
jg t k, \

ge fuEufyf[ kr i jai jkvksa dks è; ku esa j[ kdj , d fcUnq osQ funsZ' kkad fy[ krs gSa%

(i) , d fcUnq dk  x - funsZ' kkad (x-coordinate),  y-v{k l s bl  fcUnq dh ykafcd nwjh
gS] ft l s  x -v{k i j  eki k t krk gS ( t ks fd x-v{k dh / ukRed fn' kk esa / ukRed
vkSj   x-v{k dh ½.kkRed fn' kk esa ½.kkRed gksrh gS)A fcUnq  P  osQ fy,  ; g
+ 4 gS vkSj   Q osQ fy,  ; g – 6 gSA x - funsZ' kkad dks Hkqt  (abscissa) Hkh dgk t krk
gSA
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(ii) , d fcUnq dk  y-funsZ' kkad] x-v{k l s ml dh ykafcd nwjh gksrh gS ft l s  y-v{k i j
eki k t krk gS ( t ks y-v{k  dh / ukRed fn' kk esa / ukRed vkSj y-v{k dh
½.kkRed fn' kk esa ½.kkRed gksrh gS)A fcUnq P osQ fy,  ; g  + 3 gS vkSj  Q osQ
fy,   –2  gSA  y-funsZ' kkad dks dksfV (ordinate) Hkh dgk t krk gSA

(iii) funsZ' kkad ry esa , d fcUnq osQ funsZ' kkad fy[ krs l e;  i gys  x-funsZ' kkad fy[ krs gSa
vkSj ml osQ ckn  y-funsZ' kkad fy[ krs gSaA ge funsZ' kkadksa dks dks"Bd osQ vanj fy[ krs
gSaA

vr% P osQ funsZ' kkad  (4, 3) gSa vkSj  Q osQ funsZ' kkad  (– 6, – 2) gSaA

è; ku nhft ,  fd ry esa , d fcUnq osQ funsZ' kkad vf}rh;  gksrs gSaA bl osQ vuql kj
funsZ' kkad  (3, 4) vkSj funsZ' kkad (4, 3) l eku ugha gSaA

mnkgj . k 1 : vkòQfr 3-11 dks ns[ kdj fuEufyf[ kr dFkuksa dks i wjk dhft , %

(i) fcUnq B dk Hkqt  vkSj dksfV Øe' k%  _ _ _ _  vkSj  _ _ _ _ gSaA vr% B osQ funsZ' kkad
(_ _ _, _ _ _) gSaA

(ii) fcUnq M osQ  x-funsZ' kkad vkSj   y-funsZ' kkad Øe' k%  _ _ _ vkSj  _ _ _ gSaA vr% M osQ
funsZ' kkad  (_ _, _ _) gSaA

(iii) fcUnq  L  osQ x-funsZ' kkad vkSj  y-funsZ' kkad Øe' k% _ _ _ vkSj  _ _ _ gSaA vr%  L osQ
funsZ' kkad  (_ _, _ _) gSaA

(iv) fcUnq  S osQ  x-funsZ' kkad vkSj  y-funsZ' kkad Øe' k% _ _ _ vkSj  _ _ _ gSaA vr%  S  osQ
funsZ' kkad (_ _, _ _) gSaA    
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v kÑfr   3.11

gy  : (i) D; ksafd  y-v{k l s fcUnq B dh nwjh 4 , dd gS] bl fy,  fcUnq B dk  x-funsZ' kkad
; k Hkqt  4 gksxkA   x-v{k l s fcUnq B dh nwjh 3 , dd gS] bl fy,  fcUnq  B  dk y-funsZ' kkad
vFkkZr~ dksfV 3 gksxhA vr% fcUnq B osQ funsZ' kkad (4] 3)  gSaA

Åi j (i) dh Hkkafr%

(ii) fcUnq M osQ x-funsZ' kkad vkSj  y-funsZ' kkad Øe' k% –3 vkSj  4 gSaA vr% fcUnq  M  osQ
funsZ' kkad  (–3, 4) gSaA

(iii) fcUnq  L  osQ  x-funsZ' kkad vkSj   y - funsZ' kkad Øe' k%  –5 vkSj   – 4 gSaA vr% fcUnq  L  osQ
funsZ' kkad  (–5, – 4) gSaA

(iv) fcUnq  S osQ x-funsZ' kkad vkSj  y- funsZ' kkad Øe' k%  3 vkSj   – 4 gSA vr% fcUnq  S  osQ
funsZ' kkad  (3, – 4) gSaA
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mnkgj . k 2 : vkòQfr 3.12 esa v{kksa i j  vafdr fcUnqvksa osQ funsZ' kkad fyf[ k, %

gy  : vki  ; gk¡ ns[ k l drs gSa fd %

(i) fcUnq  A,  y-v{k l s + 4  , dd dh
nwjh i j  gS vkSj  x-v{k l s nwjh 0 i j
gSA vr% fcUnq A dk  x-funsZ' kkad   4 gS
vkSj y-funsZ' kkad 0 gSA bl fy,   A  osQ
funsZ' kkad  (4, 0) gSaA

(ii) B osQ funsZ' kkad  (0, 3) gSaA D; ksa\

(iii) C osQ funsZ' kkad  (– 5, 0) gSaA D; ksa\

(iv) D osQ funsZ' kkad  (0, – 4) gSaA D; ksa\

(v) E osQ funsZ' kkad  
2 , 0
3

 
 
 

 gSaA D; ksa\

D; ksafd  x-v{k dk i zR; sd fcUnq  x-v{k l s ' kwU;  nwjh i j gS] bl fy,  x-v{k i j fLFkr
i zR; sd fcUnq dk y-funsZ' kkad l nk gh ' kwU;  gksxkA bl  rjg] x-v{k i j fLFkr fdl h Hkh fcUnq
osQ funsZ' kkad  (x, 0) osQ : i  osQ gksaxs] t gk¡ y-v{k l s fcUnq dh nwjh  x  gSA bl h i zdkj]
y-v{k i j fLFkr fdl h Hkh fcUnq osQ funsZ' kkad  (0, y) osQ : i  osQ gksaxs] t gk¡  x-v{k l s fcUnq
dh nwjh y  gSA D; ksa\

ewyfcUnq O osQ funsZ' kkad D; k gSa\ D; ksafd nksuksa v{kksa l s bl dh nwjh ' kwU;  gS] bl fy,  bl osQ
Hkqt  vkSj dksfV nksuksa gh ' kwU;  gksaxsA vr% ewyfcUnq osQ funsZ' kkad (0, 0) gksrs gSaA

Åi j osQ mnkgj.kksa esa] vki us , d fcUnq osQ funsZ' kkadksa esa yxs fpÉksa vkSj ml  fcUnq osQ
prqFkk±' k] ft l esa og fLFkr gS] osQ chp osQ fuEufyf[ kr l aca/ ksa dh vksj vo' ;  è; ku fn; k
gksxk%

(i) ; fn fcUnq i gys prqFkk±' k esa gS] rks fcUnq  (+, +) osQ : i  dk gksxk] D; ksafd i gyk
prqFkk±' k / ukRed  x-v{k vkSj / ukRed y-v{k l s i fjc¼ gSA

(ii) ; fn fcUnq nwl js prqFkk±' k esa gS] rks fcUnq  (–, +) osQ : i  dk gksxk] D; ksafd nwl jk prqFkk±' k
½.kkRed  x-v{k vkSj / ukRed  y-v{k l s i fjc¼ gSA

(iii) ; fn fcUnq rhl js prqFkk±' k esa gS] rks fcUnq  (–, –) osQ : i  esa gksxk] D; ksafd rhl jk prqFkk±' k
½.kkRed  x-v{k vkSj ½.kkRed  y-v{k l s i fjc¼ gSA

v kÑfr  3-12
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(iv) ; fn fcUnq pkSFks prqFkk±' k esa gS] rks fcUnq  (+, –) osQ : i  esa gksxk] D; ksafd pkSFkk prqFkk±' k
/ ukRed x-v{k vkSj ½.kkRed  y-v{k l s i fjc¼ gS (nsf[ k,  vkòQfr 3-13)A

v koQ̀fr   3.13

fVIi . kh : , d ry esa fLFkr , d fcUnq dh O; k[ ; k djus osQ l aca/  esa Åi j geus ft l
i ¼fr osQ ckjs esa ppkZ dh gS] og osQoy , d i jai jk gS ft l dks i wjs fo' o esa Lohdkj fd; k
t krk gSA mnkgj.k osQ fy, ] i ¼fr esa , sl k Hkh gks l drk gS fd i gys dksfV fy[ kh t k,  vkSj
ml osQ ckn Hkqt  fy[ kk t k, A fi Qj Hkh] ft l  i ¼fr dk mYys[ k geus fd; k gS ml s i wjk fo' o
fcuk fdl h Hkze osQ Lohdkj djrk gSA

i z' ukoyh 3.2

1. fuEufyf[ kr i z' uksa esa l s i zR; sd i z' u dk mÙkj nhft , %

(i) dkrhZ;  ry esa fdl h fcUnq dh fLFkfr fu/ kZfjr djus okyh {kSfrt  vkSj ÅèokZ/ j js[ kkvksa
osQ D; k uke gSa\
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(ii) bu nks js[ kkvksa l s cus ry osQ i zR; sd Hkkx osQ uke crkb, A

(iii) ml  fcUnq dk uke crkb,  t gk¡ ; s nks js[ kk, ¡ i zfrPNsfnr gksrh gSaA

2. vkòQfr 3-14 ns[ kdj fuEufyf[ kr dks fyf[ k, %

(i) B osQ funsZ' kkad

(ii) C osQ funsZ' kkad

(iii) funsZ' kkad  (–3, –5) }kjk i gpkuk x; k fcUnq

(iv) funsZ' kkad  (2, – 4) }kjk i gpkuk x; k fcUnq

(v) D dk Hkqt

(vi) fcUnq H oQh dksfV

(vii) fcUnq  L osQ funsZ' kkad

(viii) fcUnq  M  osQ funsZ' kkad

v koQ̀fr   3.14
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3.3  l kj ka' k

bl  vè; k;  esa] vki us fuEufyf[ kr fcUnqvksa dk vè; ; u fd; k gS%

1. , d ry esa , d oLrq ; k , d fcUnq dk LFkku fu/ kZj.k djus osQ fy,  nks ykafcd js[ kkvksa
dh vko' ; drk gksrh gS ft l esa , d {kSfrt  gksrh gS vkSj nwl jh ÅèokZ/ j gksrh gSA

2. ry dks dkrhZ;  ; k funsZ' kkad ry dgk t krk gS vkSj js[ kkvksa dks funsZ' kkad v{k dgk
t krk gSA

3. {kSfrt  js[ kk dks  x -v{k vkSj ÅèokZ/ j js[ kk dks  y-v{k dgk t krk gSA

4. funsZ' kkad v{k ry dks pkj Hkkxksa esa ck¡V nsrs gSa] ft Ugsa prqFkk±' k dgk t krk gSA

5. v{kksa ds i zfrPNsn fcUnq dks ewyfcUnq dgk t krk gSA

6. y - v{k l s fdl h fcUnq dh nwjh dks ml dk x-funsZ' kkad ; k Hkqt  dgk t krk gSA l kFk gh]
x-v{k l s fcUnq dh nwjh dks y-funsZ' kkad ; k dksfV dgk t krk gSA

7. ; fn , d fcUnq dk Hkqt   x  gks vkSj dksfV  y  gks] rks  (x, y) dks fcUnq osQ funsZ' kkad dgk
t krk gSA

8. x-v{k i j , d fcUnq osQ funsZ' kkad  (x, 0) osQ : i  osQ gksrs gSa vkSj  y-v{k i j fcUnq ds funsZ' kkad
(0, y) osQ : i  osQ gksrs gSaA

9. ewyfcUnq osQ funsZ' kkad (0, 0) gksrs gSaA

10. , d fcUnq osQ funsZ' kkad i gys prqFkk±' k easa  (+ , +) osQ : i  osQ nwl js prqFkk±' k esa  (–, +) osQ : i
osQ] rhl js prqFkk±' k esa  (–, –) osQ : i  osQ vkSj pkSFks prqFkk±' k esa  (+, –) osQ : i  osQ gksrs gSa]
t gk¡  + , d / ukRed okLrfod l a[ ; k dks vkSj  – , d ½.kkRed okLrfod l a[ ; k dks i zdV
djrs gSaA

11. ; fn  x  y gks] rks  (x, y)  (y, x) gksxk vkSj ; fn x =  y gks] rks (x, y) = (y, x) gksxkA    
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v è; k; 4

nks pjksa okys jSf[ kd l ehdj . k

The principal use of the Analytic Art is to bring Mathematical Problems to
Equations and to exhibit those Equations in the most simple terms that can be.

(oS' ysf"kd dyk dk eq[ ;  i z; ksx xf.krh;  l eL; kvksa dks l ehdj.k esa ykuk gS vkSj bu
l ehdj.kksa dks ; Fkkl aHko l jy i nksa esa i zLrqr djuk gS)A

—Edmund Halley

4.1 Hkwfedk

fi Nyh d{kkvksa esa] vki  , d pj okys jSf[ kd l ehdj.kksa dk vè; ; u dj pqosQ gSaA D; k
vki  , d pj okyk dksbZ jSf[ kd l ehdj.k fy[ k l drs gSa\  vki  dg l drs gSa fd

x + 1 = 0, x + 2  = 0 vkSj  2 3 0y    , d pj okys jSf[ kd l ehdj.kksa osQ mnkgj.k gSaA
vki  ; g Hkh t kurs gSa fd , sl s l ehdj.kksa dk , d vf}rh;  (vFkkZr~ , d vkSj osQoy , d)
gy gksrk gSA vki dks l aHkor% ; g Hkh ; kn gksxk fd , d l a[ ; k js[ kk i j  gy dks fdl  i zdkj
fu: fi r fd; k t krk gSA bl  vè; k;  esa] ge , d pj okys jSf[ kd l ehdj.kksa i j  i qu% fopkj
djsaxs vkSj mul s l acaf/ r Kku dks nks pjksa okys jSf[ kd l ehdj.kksa i j ykxw djsaxsA ; gk¡ ge
bl  i zdkj osQ i z' uksa i j  fopkj djsaxs% D; k nks pjksa okys jSf[ kd l ehdj.k dk , d gy gksrk
gS\ ; fn gk¡] rks D; k ; g vf}rh;  gksrk gS\  dkrhZ;  ry i j  gy fdl  i zdkj fn[ kkbZ i M+rk
gS\ bl  i zdkj osQ i z' uksa dk vè; ; u djus osQ fy, ] ge vè; k;  3 esa crkbZ xbZ l adYi ukvksa
dk Hkh i z; ksx djsaxsA

4.2  j Sf[ kd  l ehd j . k

vkb,  i gys ge ; g ns[ ksa fd vHkh rd vki us D; k&D; k vè; ; u fd; k gSA vkb,  ge
fuEufyf[ kr l ehdj.k ysa %

2x + 5 = 0
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bl dk gy] vFkkZr~ l ehdj.k dk ewy  5
2

  gSA bl s l a[ ; k js[ kk i j bl  i zdkj fu: fi r

fd; k t k l drk gS] t Sl k fd uhps dh vkòQfr esa fn[ kk; k x; k gS %

v koQ̀fr   4.1

, d l ehdj.k dks gy djrs l e;  fuEufyf[ kr ckrksa dks è; ku esa j[ kuk gksrk gSA

, d jSf[ kd l ehdj.k i j  rc dksbZ i zHkko ugha i M+rk t cfd%

(i) l ehdj.k osQ nksuksa i {kksa esa l eku l a[ ; k t ksM+h ; k ?kVkbZ t krh gSA

(ii) l ehdj.k osQ nksuksa i {kksa dks l eku ' kwU; srj l a[ ; k l s xq.kk ; k Hkkx fn; k t krk gSA

vkb,  vc ge fuEufyf[ kr fLFkfr i j  fopkj djssa%

ukxi qj esa Hkkjr vkSj Jhyadk osQ chp [ ksys x,  , d , dfnol h;  varjkZ"Vªh;  fØosQV
eSp esa nks Hkkjrh;  cYysckt ksa us , d l kFk feydj 176 ju cuk, A bl  t kudkjh dks , d
l ehdj.k osQ : i  esa O; Dr dhft , A

; gk¡ vki  ; g ns[ k l drs gSa fd nksuksa cYysckt ksa esa l s fdl h Hkh cYysckt  }kjk cuk,
x,  ju Kkr ugha gSa] vFkkZr~ ; gk¡ nks vKkr jkf' k; k¡ gSaA vkb,  ge bu vKkr jkf' k; ksa dks
 x  vkSj  y  l s i zdV djsaA bl  rjg , d cYysckt  }kjk cuk,  x,  juksa dh l a[ ; k x gS vkSj
nwl js cYysckt  }kjk cuk,  x,  juksa dh l a[ ; k  y gSA ge t kurs gSa fd

x + y = 176

gS] t ks fd vHkh"V l ehdj.k gSA

; g nks pjksa okys , d jSf[ kd l ehdj.k dk , d mnkgj.k gSA ; g i jai jk jgh gS fd
bl  i zdkj osQ l ehdj.kksa osQ pjksa dks  x vkSj  y l s i zdV fd; k t krk gS] i jarq vU;  v{kjksa
dk Hkh i z; ksx fd; k t k l drk gSA nks pjksa okys jSf[ kd l ehdj.kksa osQ oqQN mnkgj.k ; s gSa%

1.2s + 3t = 5, p + 4q = 7, u + 5v = 9 vkSj  3 = 2 x – 7y
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D; k vki  oqQN vkSj mnkgj.k ns l drs gSa\  è; ku nhft ,  fd vki  bu l ehdj.kksa dks
Øe' k%  1.2s + 3t – 5 = 0, p + 4q – 7 = 0, u + 5v – 9 = 0 vkSj  2 x – 7y – 3 = 0 osQ : i
esa O; Dr dj l drs gSaA

vr% ml  l ehdj.k dks] ft l s  ax + by + c = 0 osQ : i  esa O; Dr fd; k t k l drk gks]
t gk¡ a, b vkSj  c  okLrfod l a[ ; k, ¡ gSa vkSj  a  vkSj  b nksuksa ' kwU;  ugha gSa] nks pjksa okyk
jSf[ kd l ehdj.k (linear equation in two variables) dgk t krk gSA

mnkgj . k 1 : uhps fn,  x,  l ehdj.kksa dks  ax + by + c = 0  osQ : i  esa fyf[ k,  vkSj i zR; sd
fLFkfr esa  a, b vkSj  c  osQ eku crkb,  %

(i) 2x + 3y = 4.37 (ii) x – 4 = 3 y (iii) 4 = 5x – 3y (iv) 2x = y

gy  : (i) 2x + 3y = 4.37  dks  2x + 3y – 4.37 = 0 osQ : i  esa fy[ kk t k l drk gSA ; gk¡
 a = 2, b = 3 vkSj  c = – 4.37 gSA

(ii) l ehdj.k x – 4 = 3 y dks x – 3 y – 4 = 0 osQ : i  esa fy[ kk t k l drk gSA ; gk¡
a = 1,  b = – 3  vkSj  c = – 4 gSA

(iii) l ehdj.k  4 = 5x – 3y dks 5x – 3y – 4 = 0 osQ : i  esa fy[ kk t k l drk gSA ; gk¡
 a = 5, b = –3 vkSj  c = – 4 gSA D; k vki  bl  ckr l s l ger gSa fd bl s
–5x + 3y + 4 = 0 osQ : i  esa Hkh fy[ kk t k l drk gS\  bl  fLFkfr esa]  a = –5, b = 3
vkSj c = 4 gSA

(iv) l ehdj.k 2x = y dks 2x – y + 0 = 0 osQ : i  esa fy[ kk t k l drk gSA ; gk¡  a = 2,
b = –1 vkSj  c = 0 gSA

l ehdj.k ax + b = 0  Hkh nks pjksa okys jSf[ kd l ehdj.kksa dk gh , d mnkgj.k gS] D; ksafd
bl s ax + 0.y + b = 0 ds : i  esa fy[ kk t k l drk gSA

mnkgj.k osQ fy, ]  4 – 3x = 0  dks  –3x + 0.y + 4 = 0 osQ : i  esa fy[ kk t k l drk gSA

mnkgj . k 2 : fuEufyf[ kr esa l s i zR; sd dks nks pjksa okys l ehdj.kksa osQ : i  eas O; Dr
dhft , %

(i) x = –5 (ii) y = 2 (iii) 2x = 3 (iv) 5y = 2
gy  : (i) x = –5 dks 1.x + 0.y = –5, ; k 1.x + 0.y + 5 = 0 osQ : i  esa fy[ kk t k l drk gSA

(ii) y = 2 dks 0.x + 1.y = 2, ; k 0.x + 1.y – 2 = 0 osQ : i  esa fy[ kk t k l drk gSA

(iii) 2x = 3  dks 2.x + 0.y – 3 = 0 osQ : i  esa fy[ kk t k l drk gSA

(iv) 5y = 2 dks  0.x + 5.y – 2 = 0 osQ : i  esa fy[ kk t k l drk gSA
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i z' ukoyh  4.1

1. , d uksVcqd dh dher , d dye dh dher l s nks xquh gSA bl  dFku dks fu: fi r djus
osQ fy,  nks pjksa okyk ,d jSf[ kd l ehdj.k fyf[ k, A

( l aosQr % eku yhft , ] uksVcqd dh dher x # gS vkSj dye dh dher   y # gS)A

2. fuEufyf[ kr jSf[ kd l ehdj.kksa dks  ax + by + c = 0 osQ : i  esa O; Dr dhft ,  vkSj i zR; sd
fLFkfr esa  a, b  vkSj  c osQ eku crkb, %

(i) 2x + 3y = 9.35 (ii) x – 
5
y  – 10 = 0 (iii) –2x + 3y = 6 (iv) x = 3y

(v) 2x = –5y (vi) 3x + 2 = 0 (vii) y – 2 = 0 (viii) 5 = 2x

4.3  j Sf[ kd  l ehd j . k dk gy

vki us ns[ kk gS fd , d pj okys i zR; sd jSf[ kd l ehdj.k dk , d vf}rh;  gy gksrk gSA
nks pjksa okys jSf[ kd l ehdj.k osQ gy osQ ckjs esa vki  D; k dg l drs gSa\  D; ksafd
l ehdj.k esa nks pj gSa] bl fy,  gy dk vFkZ gksrk gS x rFkk  y  ds mu ekuksa dk ; qXe t ks
fn,  gq,  l ehdj.k dks l arq"V djrs gSaA vkb, ] ge l ehdj.k 2x + 3y = 12 ysaA ; gk¡
x = 3 vkSj   y = 2  , d gy gS] D; ksafd t c ge Åi j  osQ l ehdj.k esa x = 3 vkSj   y = 2
i zfrLFkkfi r djrs gSa rc gesa ; g i zkIr gksrk gS%

2x + 3y = (2 × 3) + (3 × 2) = 12

bl  gy dks , d Øfer ; qXe  (3, 2) osQ : i  esa fy[ kk t krk gS] ft l esa i gys  x  dk
vkSj ml osQ ckn  y  dk eku fy[ kk t krk gSA bl h i zdkj] (0, 4) Hkh Åi j  fn,  x,  l ehdj.k
dk , d gy gSA

bl osQ foi jhr]  (1, 4) Åi j fn,  x,  l ehdj.k dk , d gy ugha gS] D; ksafd  x = 1 vkSj
 y = 4 i zfrLFkkfi r djus i j  gesa  2x + 3y = 14 i zkIr gksrk gS t ks 12 ugha gSA è; ku nhft ,
fd (0, 4) rks , d gy gS i jarq (4, 0) , d gy ugha gSA bl  rjg vki us  2x + 3y = 12 osQ
de l s de nks gy (3, 2) vkSj (0, 4) i zkIr dj fy,  gSaA

D; k vki  dksbZ vU;  gy i zkIr dj l drs gSa\  D; k vki  bl  ckr l s l ger gSa fd
(6, 0) , d vU;  gy gS\  ; fn gk¡] rks vki  bl s l R; kfi r dhft , A oLrqr% fuEu fof/  l s
ge dbZ gy i zkIr dj l drs gSa%

vki   2x + 3y = 12 esa v i uh bPNkuql kj  x  dk , d eku (eku yhft ,  x = 2)  ys
l drs gSaA rc l ehdj.k 4 + 3y = 12 gks t krk gS] t ks fd , d pj okyk jSf[ kd l ehdj.k
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gSA bl s gy djus i j  gesa  y = 
8
3

 i zkIr gksrk gSA vr% 82,
3

 
 
 

,  2x + 3y = 12 dk , d vU;

gy gSA bl h i zdkj]  x = –5 ysus i j  ge i krs gSa fd l ehdj.k  –10 + 3y = 12 gks t krk

gSA bl l s  y = 
22
3 i zkIr gksrk gSA vr%  

225,
3

  
 

, 2x + 3y = 12 dk , d vU;  gy gSA

bl fy,  nks pjksa okys jSf[ kd l ehdj.k osQ fofHkUu gyksa dk dksbZ var ugha gSA dgus dk
vFkZ gS fd nks pjksa okys jSf[ kd l ehdj.k osQ vi fj fer : i  l s vusd gy gksrs gSaA

mnkgj . k 3 : l ehdj.k  x + 2y = 6 osQ pkj vyx&vyx gy Kkr dhft , A

gy  : ns[ kus i j  x = 2, y = 2 , d gy gS] D; kasfd  x = 2, y = 2 i j

x + 2y = 2 + 4 = 6

gSA vkb, ] vc ge  x = 0 ysaA  x osQ bl  eku i j  fn; k gqvk l ehdj.k  2y = 6 gks t krk
gS] ft l dk fd , d vf}rh;  gy  y = 3  gksrk gSA vr%  x = 0, y = 3  Hkh  x + 2y = 6 dk
, d gy gSA bl h i zdkj] y = 0 ysus i j  fn; k gqvk l ehdj.k  x = 6 gks t krk gSA vr%
x = 6, y = 0 Hkh  x + 2y = 6 dk , d gy gSA var esa] vkb,  ge  y = 1 ysaA vc fn; k gqvk
l ehdj.k  x + 2 = 6  gks t krk gS] ft l dk gy  x = 4  gSA bl fy, ]  (4, 1) Hkh fn,  gq,
l ehdj.k dk , d gy gSA vr%] fn,  gq,  l ehdj.k osQ vi fj fer : i  l s vusd gyksa esa
pkj gy ; s gSa%

(2, 2), (0, 3), (6, 0) vkSj  (4, 1)

fVIi . kh : è; ku nhft ,  fd , d gy i zkIr djus dh l jy fof/   x = 0  ysuk gS vkSj  y dk
l axr eku i zkIr djuk gSA bl h i zdkj] ge  y = 0 ys l drs gSa vkSj rc  x  dk l axr eku
i zkIr dj ysrs gSaA

mnkgj . k 4 : fuEufyf[ kr l ehdj.kksa esa l s i zR; sd l ehdj.k ds nks gy Kkr dhft , %

(i) 4x + 3y = 12
(ii) 2x + 5y = 0
(iii) 3y + 4 = 0

gy  : (i) x = 0 ysus i j ] gesa  3y = 12, vFkkZr~  y = 4 i zkIr gksrk gSA vr%  (0, 4) Hkh fn,  gq,
l ehdj.k dk , d gy gSA bl h i zdkj]  y = 0  ysus i j  gesa  x = 3  i zkIr gksrk gSA bl  rjg]
(3, 0) Hkh , d gy gSA
(ii) x = 0  ysus i j ] gesa  5y = 0, vFkkZr~  y = 0 i zkIr gksrk gSA bl fy,   (0, 0) fn,  gq,  l ehdj.k
dk , d gy gSA
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vc] ; fn ge  y = 0  ysa] rks gesa , d gy osQ : i  esa i qu% (0, 0) i zkIr gksrk gS_ t ks fd
ogh gS ft l s geus i gys i zkIr fd; k FkkA , d vU;  gy i zkIr djus osQ fy,   x = 1  yhft , A

rc vki  ns[ k l drs gSa fd  y  dk l axr eku  
2
5

  gSA vr%  21,
5

  
 

,  2x + 5y = 0  dk

, d vU;  gy gSA
(iii) l ehdj.k  3y + 4 = 0  dks  0.x + 3y + 4 = 0  osQ : i  esa fy[ kus i j]  x  osQ fdl h Hkh

eku i j  gesa y = 
4–
3

 i zkIr gksxkA vr% gesa nks gy  4 40, – 1, –
3 3

   
      

vkjS  i zkIr

gks l drs gSaA

i z' ukoyh  4.2

1. fuEufyf[ kr fodYi ksa esa dkSu&l k fodYi  l R;  gS] vkSj D; ksa\

y = 3x + 5 dk

(i) , d vf}rh;  gy gS (ii) osQoy nks gy gSa (iii) vi fjfer : i  l s vusd gy gSa

2. fuEufyf[ kr l ehdj.kksa esa l s i zR; sd l ehdj.k osQ pkj gy fyf[ k, %

(i) 2x + y = 7 (ii) x + y = 9 (iii) x = 4y

3. crkb,  fd fuEufyf[ kr gyksa esa dkSu&dkSu l ehdj.k  x – 2y = 4  osQ gy gSa vkSj dkSu&dkSu
gy ugha gSa %

(i) (0, 2) (ii) (2, 0) (iii) (4, 0) (iv)  2 , 4 2 (v) (1, 1)

4. k  dk eku Kkr dhft ,  t cfd  x = 2, y = 1 l ehdj.k  2x + 3y = k  dk , d gy gksA

4.4  l kj ka' k

bl  vè; k;  esa] vki us fuEufyf[ kr fcanqvksa dk vè; ; u fd; k gS%

1. ax + by + c = 0 osQ : i  osQ l ehdj.k dks t gk¡, a, b  vkSj  c  okLrfod l a[ ; k, ¡ gSa vkSj
 a vkSj  b nksuksa ' kwU;  ugha gSa] nks pjksa okyk jSf[ kd l ehdj.k dgk t krk gSA

2. nks pjksa okys jSf[ kd l ehdj.k osQ v i fjfer : i  l s vusd gy gksrs gSaA

3. nks pjksa okys jSf[ kd l ehdj.k osQ vkys[ k i j fLFkr i zR; sd fcanq jSf[ kd l ehdj.k dk , d
gy gksrk gSA l kFk gh] jSf[ kd l ehdj.k dk i zR; sd gy jSf[ kd l ehdj.k osQ vkys[ k i j
fLFkr , d fcanq gksrk gSA
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v è; k; 5

; wfDyM dh T; kfefr  dk i fj p;

5.1 Hkwfedk

' kCn T̂; kfefr* (geometry) ; wukuh Hkk"kk osQ ' kCnksa f̂t ; ks* (geo) vkSj êhVªhu* (metrein)
l s fey dj cuk gSA ft ; ks dk vFkZ gS î F̀oh* ; k Ĥkwfe* vkSj ehVªhu dk vFkZ gS êki uk*A
bl l s , sl k i zrhr gksrk gS fd T; kfefr dk mn~xe Hkwfe eki us dh vko' ; drk osQ dkj.k gqvk
gSA xf.kr dh bl  ' kk[ kk dk vè; ; u fofHkUu : i ksa esa i zR; sd i zkphu l H; rkvksa }kjk fd; k
x; k] pkgs og fel z gks] cschyksu gks] phu gks] Hkkjr gks] ; wuku gks ; k budkl  (incas),
bR; kfnA bu l H; rkvksa osQ yksxksa dks vusd O; kogkfjd l eL; kvksa dk l keuk djuk i M+k
ft uesa T; kfefr osQ fodkl  dh fofHkUu i zdkj l s vko' ; drk i M+hA

mnkgj.k osQ rkSj i j ] t c Hkh uhy unh esa ck<+
vkrh Fkh] rks fofHkUu Hkwfe Lokfe; ksa osQ l ayXu [ ksrksa
osQ chp dh i fj l hekvksa (boundaries) dks v i us l kFk
cgk ys t krh FkhA bu ck<+ksa osQ ckn] bu i fj l hekvksa
dks i qu% cuk; k t krk FkkA bl  dk; Z osQ fy, ] fel zokfl ; ksa
us l jy {ks=ki Qy i fjdfyr djus osQ l kFk gh l jy
jpuk, ¡ djus osQ fy, ] vusd T; kferh;  rduhosaQ vkSj
fu; e fodfl r fd, A mUgksaus T; kfefr osQ Kku dk
mi ; ksx vUuHk.Mkjksa osQ vk; ru fudkyus rFkk ugjksa
vkSj fi jkfeMksa (pyramids) osQ fuekZ.k djus esa fd; kA
os , d  dVs gq,  fi jkfeM (truncated pyramid)
(nsf[ k,  vkÑfr 5-1)  dk vk; ru Kkr djus dk l gh

v kÑfr  5.1 : dVk gqv k fi j kfeM
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; wfDyM dh T; kfefr dk i fjp; 71

l w=k Hkh t kurs FksA vki  t kurs gSa fd fi jkfeM , d , sl h Bksl  vkÑfr gksrh gS] ft l dk vkèkkj
, d f=kHkqt  ; k oxZ ; k dksbZ vU;  cgqHkqt  gksrk gS vkSj ft l osQ i k' oZ i Qyd (side faces
; k lateral faces), Åi j , d gh fcanq i j  feyus okys f=kHkqt  gksrs gSaA

Hkkjrh;  mi &egk}hi  esa] gM+Ii k vkSj eksgut ksnM+ks] bR; kfn dh [ kqnkb; ksa l s ; g i rk
yxrk gS fd fl U/ q ?kkVh dh l H; rk (yxHkx 3000 bZñi wñ)  us T; kfefr dk i zpqj ek=kk esa
mi ; ksx fd; kA og , d mPp dksfV dk l axfBr l ekt  FkkA ' kgj vR; kf/ d : i  l s
fodfl r Fks vkSj cM+s ; kst ukc¼ <ax l s fufeZr fd,  x,  FksA mnkgj.kkFkZ] l M+osaQ i jLi j
l ekarj gksrh Fkha vkSj Hkwfexr ukfy; ksa dh O; oLFkk FkhA ?kjksa esa fofHkUu i zdkj osQ vusd
dejs gqvk djrs FksA ; s ckrsa n' kkZrh gSa fd uxjokl h {ks=kfefr (mensuration) vkSj
O; kogkfjd vadxf.kr esa i w.kZ : i  l s fui q.k FksA fuekZ.k dk; Z esa i z; ksx dh t kus okyh b±Vsa
HkV~Vksa i j  i dkbZ (cukbZ)  t krh Fkha vkSj bu b±Vksa osQ fy,  vuqi kr yEckbZ % pkSM+kbZ % eksVkbZ]
4 % 2 % 1 gksrk FkkA

i zkphu Hkkjr esa] l qYckl w=k (800 bZñi wñ&500 bZñi wñ)  T; kferh;  jpukvksa osQ fy,
egRoi w.kZ xzaFk FksA oSfnd dky dh T; kfefr dk mn~xe oSfnd i wt k osQ fy,  vko' ; d
fHkUu&fHkUu i zdkj dh osfn; ksa vkSj vfXu&oqQ.Mksa osQ fuekZ.k dk; Z l s gqvkA i fo=k vfXu; ksa
dks vf/ d i zHkko' kkyh l k/ d gksus osQ fy, ] muosQ LFkku] muosQ vkdkjksa vkSj {ks=ki Qyksa osQ
ckjs esa Li "V : i  l s fu/ kZfjr vuqns' kksa osQ vuql kj] gksrs FksA ?kjsyw / kfeZd fØ; kvksa osQ fy, ]
oxkZdkj vkSj òÙkkdkj osfn; ksa dk i z; ksx fd; k t krk Fkk] t cfd l koZt fud i wt k LFkyksa osQ
fy,  vk; rksa] f=kHkqt ksa vkSj l eyacksa osQ l a; kst uksa ( feys t qys)  l s cus vkdkjksa dk i z; ksx
vko' ; d gksrk FkkA (vFkoZosn esa fn, )  Ĵh; a=k* esa , d nwl js osQ l kFk t qM+s ukS l ef}ckgq
f=kHkqt  varfuZfgr gSaA ; s f=kHkqt  bl  i zdkj O; ofLFkr fd,  x,  gSa fd bul s 43 NksVs
( ; k xkS.k)  f=kHkqt ksa dk fuekZ.k gksrk gSA ; | fi  osfn; ksa dh jpuk djus esa i fj ' kq¼ T; kferh;
fof/ ; ksa dk mi ; ksx fd; k x; k Fkk] fi Qj Hkh bul s l acaf/ r fl ¼karksa dh dksbZ ppkZ ugha dh
xbZA

mi jksDr mnkgj.k ; g n' kkZrs gSa fd T; kfefr dk fodkl  vkSj vuqi z; ksx fo' o osQ l Hkh
LFkkuksa i j  gksrk jgkA i jUrq ; g cM+s vO; ofLFkr i zdkj l s gks jgk FkkA i zkphu fo' o esa]
T; kfefr osQ fodkl  dh bu xfrfof/ ; ksa dh , d jkspd ckr ; g gS fd budk Kku , d
i h<+h l s nwl jh i h<+h dks ; k rks ekSf[ kd : i  l s ; k rkM+ osQ ò{k dh i fÙk; ksa i j  fy[ ks l ans' kksa
; k oqQN vU;  fof/ ; ksa }kjk fn; k t krk jgkA l kFk gh] ge ; g Hkh i krs gSa fd oqQN l H; rkvksa]
t Sl s fd cschyksfu; k eas] T; kfefr , d vR; kf/ d O; kogkfjd ǹf"Vdks.k okys fo"k;  rd
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72 xf.kr

l hfer jgh rFkk , sl k gh Hkkjr vkSj jkse esa jgkA fel zokfl ; ksa }kjk fodfl r dh xbZ T; kfefr
esa eq[ ; r% i fj .kkeksa osQ dFku gh fufgr FksA buesa i zfØ; kvksa (vFkok fof/ ; ksa)  osQ dksbZ
O; ki d fu; e ugha fn,  x, A oLrqr% cschyksu vkSj fel zokfl ; ksa nksuksa gh us T; kfefr dk
mi ; ksx vf/ dka' kr% O; kogkfjd dk; ks± osQ fy,  gh fd; k rFkk ml dks , d Øec¼ foKku
osQ : i  esa fodfl r djus osQ fy,  cgqr de dke fd; kA i jUrq ; wuku t Sl h l H; rkvksa esa
bl  roZQ i j  cy fn; k t krk Fkk fd dqN jpuk, ¡ fdl  i zdkj gks t krh gSaA ; wukfu; ksa dh
vfHk#fp mu dFkuksa] ft udks mUgksaus LFkkfi r fd; k Fkk] dh l R; rk fuxefud roZQ.k
(deductive reasoning) dk mi ; ksx djds t k¡pus esa Fkh (nsf[ k,  i fjf' k"V 1)A

, d ; wukuh xf.krK FksYl  (Thales) dks Js;  t krk gS fd
mUgksaus l cl s i gyh Kkr mi i fÙk (proof) i znku dhA ; g
mi i fÙk bl  dFku dh Fkh fd òÙk dk O; kl  òÙk dks
l ef}Hkkft r (vFkkZr~ nks cjkcj Hkkxksa esa foHkkft r)  djrk gSA
FksYl  dk , d l cl s i zfl ¼ f' k";  i kbFkkxksj l  (572 bZñi wñ)
Fkk] ft l dk uke vki us vo' ;  l quk gksxkA i kbFkkxksj l  vkSj
ml osQ l kfFk; ksa us vusd T; kferh;  xq.kksa dh [ kkst  dh vkSj
T; kfefr osQ fl ¼karksa dk vR; kf/ d fodkl  fd; kA ; g
i zfØ; k 300 bZñi wñ rd t kjh jghA bl h l e;  fel z esa
vysDt safMª; k osQ , d xf.kr osQ f' k{kd ; wfDyM (Euclid) us
ml  l e;  rd Kkr xf.kr osQ l Hkh Kku dks , df=kr fd; k
vkSj , yhesaV~l  (Elements) uked v i us i zfl ¼ xzaFk osQ : i
esa ml s O; ofLFkr fd; kA mUgksaus , yhesaV~l  dks 13 vè; k; ksa esa
foHkkft r fd; k] ft uesa l s i zR; sd dks î qfLrdk* ekuk t krk gSA
bu i qfLrdkvksa us l eLr fo' o dh T; kfefr l aca/ h l e> dks
vkus okyh i hf<+; ksa rd i zHkkfor fd; kA

bl  vè; k;  esa] ge T; kfefr osQ i zfr ; wfDyM osQ ǹf"Vdks.k dh ppkZ djsaxs vkSj
T; kfefr osQ orZeku Lo: i  l s bl s t ksM+us dk i z; Ru djsaxsA

5.2 ; wfDyM dh i fj Hkk"kk, ¡] v fHkxg̀hr  v kSj  v fHk/ kj . kk, ¡

; wfDyM osQ l e;  osQ ; wukuh xf.krKksa us T; kfefr dks ml  fo' o dk , d fl ¼karh;  i zfreku
(model) l kspk ft l esa os jgrs FksA fcanq (point), js[ kk (line), ry (plane) [; k i "̀B (surface)],

FksYl
(640 l kú;qúi wú&546 l kú;qúi wú)

v kÑfr  5.2

; wfDyM
(325 l kú;qúi wú&265 l kú;qúi wú)

v kÑfr  5.3
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; wfDyM dh T; kfefr dk i fjp; 73

bR; kfn dh vo/ kj.kk, ¡ mu oLrqvksa l s LFkkfi r dh xb± t ks muosQ vkl &i kl  FkhaA vkdk' k
(space) vkSj muosQ vkl &i kl  osQ Bksl ksa osQ vè; ; uksa osQ vk/ kj i j] , d Bksl  oLrq dh
fl ¼karh;  T; kferh;  vo/ kj.kk fodfl r dh xbZA ,d Bksl  (solid) dk vkdkj gksrk gS] eki
vkSj fLFkfr gksrh gS rFkk ml s , d LFkku l s nwl js LFkku rd ys t k; k t k l drk gSA bl dh
i fjl hek, ¡ i "̀B (surface) dgykrh gSaA ; s vkdk' k osQ , d Hkkx dks nwl js Hkkx l s i F̀kd djrh
gSa vkSj budh dksbZ eksVkbZ ugha gksrhA i "̀Bksa dh i fjl hek, ¡ oØ (curves) ; k l hèkh j s[ kk, ¡
(lines) gksrh gSaA bu js[ kkvksa ds fl js fcanq (points) gksrs gSaA

Bksl ksa l s fcanqvksa (Bksl &i "̀B&js[ kk, ¡&fcanq)  rd osQ rhu pj.kksa i j  fopkj dhft , A i zR; sd
pj.k esa] ge , d foLrkj] ft l s ge foek (dimension) Hkh dgrs gSa] l s oafpr gksrs gSaA
bl fy, ] ; g dgk t krk gS fd , d Bksl  dh rhu foek, ¡ gksrh gSa] , d i "̀B dh nks foek, ¡]
, d js[ kk dh , d foek gksrh gS vkSj , d fcanq dh dksbZ foek ugha gksrhA ; wfDyM us bu
dFkuksa dks l af{kIr : i  l s i fjHkk"kkvksa osQ : i  esa i zLrqr fd; kA mUgksaus v i us bu
jgL; ksn?kkVuksa dk i zkjEHk ,̂ yhesaV~l * dh i qLrd 1 esa 23 i fjHkk"kk, ¡ (definitions) nsdj
fd; kA buesa l s oqQN i fjHkk"kk, ¡ uhps nh t k jgh gSa%

1. , d fcanq (point) og gS ft l dk dksbZ Hkkx ugha gksrkA

2. , d j s[ kk (line) pkSM+kbZ jfgr yEckbZ gksrh gSA

3. , d js[ kk osQ fl js fcanq gksrs gSaA

4. , d l h/ h j s[ kk , sl h js[ kk gS t ks Lo; a i j  fcanqvksa osQ l kFk l i kV : i  l s fLFkr
gksrh gSA

5. , d i "̀B (surface) og gS ft l dh osQoy yEckbZ vkSj pkSM+kbZ gksrh gSA

6. i "̀B osQ fdukj s (edges) js[ kk, ¡ gksrh gaSA

7. , d l ery i "̀B (plane surface) , sl k i "̀B gS t ks Lo; a i j  l h/ h js[ kkvksa osQ l kFk
l i kV : i  l s fLFkr gksrk gSA

; fn vki  è; kui woZd bu i fjHkk"kkvksa dks ns[ ksa] rks vki  i k, ¡xs fd oqQN i nksa t Sl s Hkkx]
pkSM+kbZ] yEckbZ] l i kV : i  l s] bR; kfn dks Li "V : i  l s vkxs vkSj vf/ d l e>kus dh
vko' ; drk gSA mnkgj.kkFkZ] fcanq dh i fjHkk"kk i j  fopkj dhft ,  t ks ; wfDyM us nh gSA bl
i fjHkk"kk esa] ,̂ d Hkkx* dks i fjHkkf"kr djus dh vko' ; drk gSA eku yhft ,  fd ge ; g
i fjHkkf"kr djsa fd , d Hkkx og gS t ks {̂ks=k* ?ksjrk gS] rks gesa i qu% {̂ks=k* dks i fjHkkf"kr djus
dh vko' ; drk gksxhA vr% , d oLrq dks i fjHkkf"kr djus osQ fy, ] vki dks vusd oLrqvksa
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74 xf.kr

dks i fjHkkf"kr djus dh vko' ; drk gksrh gS vkSj fcuk fdl h var osQ i fjHkk"kkvksa dh , d
yEch Ük̀a[ kyk i zkIr gks l drh gSA bUgha dkj.ko' k] xf.krKksa }kjk ; g l qfoèkkt ud i k; k x; k
fd oqQN T; kferh;  i nksa dks vi fjHkkf"kr (undefined ) eku fy; k t k, A bl  fof/  l s] ge
, d fcanq dh T; kferh;  l adYi uk dk Åi j  nh gqbZ î fjHkk"kk* dh rqyuk esa , d csgrj
varKkZukRed vkHkkl  i zkIr djsaxsA bl fy, ] ge fcanq dks , d l w{e fcanh (dot) l s fu: fi r
djrs gSa] i jUrq bl  l w{e fcanh dh oqQN u oqQN foek vo' ;  gksrh gSA

bl h i zdkj dh l eL; k mi jksDr i fjHkk"kk 2 esa Hkh vkrh gSA bl esa pkSM+kbZ vkSj yEckbZ
dk l anHkZ vkrk gS vkSj buesa l s fdl h dks Hkh i gys i fjHkkf"kr ugha fd; k x; k gSA bl h
dkj.k] fdl h Hkh fo"k;  osQ vè; ; u osQ fy,  oqQN i nksa dks v i fjHkkf"kr j [ kk x; k gSA
bl fy, ] T; kfefr esa ge fcanq] js[ kk vkSj ry ( ; wfDyM osQ ' kCnksa esa l ery i "̀B)  dks
vi fjHkkf"kr ' kCnksa osQ : i  esa eku dj pyrs gSaA osQoy ; g ckr vo' ;  gS fd ge bUgsa
varKkZukRed : i  l s fu: fi r dj l drs gSa vFkok ĤkkSfrd i zfrekuksa* (oLrqvksa) dh
l gk; rk l s Li "V dj l drs gSaA

vi uh bu i fjHkk"kkvksa l s i zkjEHk djrs gq, ] ; wfDyM us oqQN xq.kksa dks fcuk fl ¼ fd,
l R;  dFku ekuus dh dYi uk dhA ; s dYi uk, ¡ okLro esa L̂i "Vr% l oZO; ki h l R; * FksA
mUgksaus budks nks oxks± esa foHkkft r fd; kA ; s oxZ Fks % v fHkxg̀hr  (axioms) vkSj
v fHkèkkj . kk, ¡ (postulates)A mUgksaus v fHk/ kj . kk ' kCn dk i z; ksx mu dYi ukvksa osQ fy,
fd; k t ks fof' k"V : i  l s T; kfefr l s l acaf/ r FkhaA nwl jh vksj] l kekU;  vo/ kj.kk, ¡ ¹ ft Ugas
i zk; % v fHkxg̀hr  (axioms) dgk x; kº os dYi uk, ¡ Fkha ft Ugsa fujarj  xf.kr esa i z; ksx fd; k
x; k vkSj ft udk osQoy T; kfefr l s gh fo' ks"k l aca/  ugha FkkA vfHkxg̀hr vkSj vfHkèkkj.kkvksa
dh vkSj vf/ d t kudkjh osQ fy,  i fj f' k"V 1 dks nsf[ k, A

; wfDyM osQ oqQN v fHkxg̀hrksa dks] fcuk muosQ }kjk fn,  Øe osQ] uhps fn; k t k jgk gS%

(1) os oLrq, ¡ t ks , d gh oLrq osQ cjkcj gksa , d nwl js osQ cjkcj gksrh gSaA

(2) ; fn cjkcjksa dks cjkcjksa esa t ksM+k t k, ] rks i w.kZ Hkh cjkcj gksrs gSaA

(3) ; fn cjkcjksa dks cjkcjksa esa l s ?kVk; k t k, ] rks ' ks"ki Qy Hkh cjkcj gksrs gSaA

(4) os oLrq, ¡ t ks i jLi j  l ai krh gksa] , d nwl js osQ cjkcj gksrh gSaA

(5) i w.kZ v i us Hkkx l s cM+k gksrk gSA

(6) , d gh oLrqvksa osQ nqxqus i jLi j  cjkcj gksrs gSaA

(7) , d gh oLrqvksa osQ vk/ s i jLi j  cjkcj gksrs gSaA
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; s l kekU;  vo/ kj.kk, ¡ fdl h i zdkj osQ i fjek.kksa (magnitudes) osQ l anHkZ esa dgh xbZ
gSaA i gyh l kekU;  vo/ kj.kk dks l eryh;  vkÑfr; ksa osQ fy,  i z; ksx fd; k t k l drk gSA
mnkgj.kkFkZ] ; fn , d f=kHkqt  dk {ks=ki Qy , d vk; r osQ {ks=ki Qy osQ cjkcj gks vkSj bl
vk; r dk {ks=ki Qy , d oxZ osQ {ks=ki Qy ds cjkcj gks] rks f=kHkqt  dk {ks=ki Qy Hkh oxZ osQ
{ks=ki Qy osQ cjkcj gksxkA

, d gh i zdkj osQ i fjek.kksa dh rqyuk dh t k l drh gS vkSj mUgsa t ksM+k Hkh t k l drk
gS] i jarq fHkUu&fHkUu i zdkj osQ i fjek.kksa dh rqyuk ugha dh t k l drh gSA mnkgj.kkFkZ] , d
js[ kk dks , d vk; r esa t ksM+k ugha t k l drk vkSj u gh , d dks.k dh , d i apHkqt
(pentagon) l s rqyuk dh t k l drh gSA

Åi j fn; k gqvk pkSFkk vfHkxg̀hr ; g crkrk gqvk i zrhr gksrk gS fd ; fn nks oLrq, ¡
l oZl e (identical) gksa (vFkkZr~ os , d gh gksa) ] rks os cjkcj gksrh gSaA nwl js ' kCnksa esa] dksbZ
Hkh oLrq Lo; a osQ cjkcj gksrh gSA ; g vè; kjksi .k (superposition) osQ fl ¼kar dh
roZQl axrrk i zdV djrk gSA vfHkxg̀hr (5)  l̂ s cM+k gS (greater than)* dh i fjHkk"kk nsrk
gSA mnkgj.kkFkZ] ; fn dksbZ jkf' k B, fdl h vU;  jkf' k A dk , d Hkkx gks] rks A dks jkf' k B
vkSj , d vU;  jkf' k C osQ ; ksx osQ : i  esa fy[ kk t k l drk gSA l kaosQfrd : i  l s] A > B
dk vFkZ gS fd dksbZ C , sl k gS fd A = B + C gSA

vkb,  vc ; wfDyM dh i k¡p vfHk/ kj.kkvksa (postulates) dh ppkZ djsaA ; s bl
i zdkj gSa%

v fHk/ kj . kk 1 : , d fcanq l s , d vU;  fcanq rd , d l h/ h js[ kk [ khaph t k l drh gSA

è; ku nhft ,  fd ; g vfHk/ kj.kk gesa crkrh gS fd nks fHkUu (distinct) fcanqvksa l s gksdj
de l s de , d js[ kk vo' ;  [ khaph t k l drh gS] i jUrq bl l s ; g ugha Kkr gksrk fd , sl h
, d l s vf/ d l h/ h js[ kk, ¡ ugha gks l drhaA i jUrq v i us l eLr dk; ks± esa ; wfDyM us] fcuk
oqQN crk, ] ; g ckj&ckj dYi uk dh gS fd nks fHkUu fcanqvksa l s , d vf}rh;  (unique)
js[ kk gh [ khaph t k l drh gSA ge bl  i fj .kke dks , d vfHkxg̀hr osQ : i  esa uhps ns
jgs gSa%

v fHkxg̀hr  5.1 : fn,  gq,  nks fHkUu fcanqvksa l s gksdj , d vf}rh;  js[ kk [ khaph t k
l drh gSA

fcanq P l s gksdj fdruh js[ kk, ¡ [ khaph t k l drh gSa t ks fcanq Q l s gksdj Hkh t krh gksa
(nsf[ k,  vkÑfr 5-4) \  osQoy , dA ; g js[ kk PQ gSA fcanq Q l s gksdj t kus okyh , sl h
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76 xf.kr

fdruh js[ kk, ¡ gSa t ks fcanq P l s gksdj Hkh t krh gS\ osQoy , d] vFkkZr~ js[ kk PQA bl  i zdkj]
mi jksDr dFku , d Lo; a fl ¼ (self evident) l R;  gS vkSj bl hfy,  ge bl s , d vfHkx̀ghr
osQ : i  esa eku ysrs gSaA

v kÑfr   5.4

v fHk/ kj . kk 2 : , d l kar js[ kk (terminated line) dks vfuf' pr : i  l s c<+k; k t k l drk
gSA

è; ku nhft ,  ft l dks ge vkt dy js[ kk[ kaM (line segment) dgrs gSa] ml s ; wfDyM us
l kar js[ kk dgk FkkA vr%] orZeku dh Hkk"kk esa] nwl jh vfHk/ kj.kk ; g dgrh gS fd , d
js[ kk[ kaM dks nksuksa vksj foLrr̀ djosQ , d js[ kk cukbZ t k l drh gS (nsf[ k,  vkÑfr 5-5)A

v kÑfr 5.5

v fHk/ kj . kk 3 : fd l h dks osQUnz eku dj  vkSj  fdl h f=kT; k l s , d oÙ̀k [ khapk t k
l drk gSA

v fHk/ kj . kk 4 : l Hkh l edks.k , d nwl js osQ cjkcj gksrs gSaA

v fHk/ kj . kk 5 : ; fn , d l h/ h js[ kk nks l h/ h js[ kkvksa i j fxj  dj v i us , d gh vksj nks
var% dks.k (interior angles) bl  i zdkj cuk,  fd bu nksuksa dks.kksa dk ; ksx fey dj nks
l edks.kksa l s de gks] rks os nksuksa l h/ h js[ kk, ¡ v fuf' pr : i  l s c<+k,  t kus i j ml h vksj
feyrh gSa ft l  vksj ; g ; ksx nks l edks.kksa l s de gksrk gSA

mnkgj.kkFkZ] vkÑfr 5-6 esa] js[ kk PQ js[ kkvksa AB
vkSj CD i j  bl  i zdkj fxjrh gS fd var% dks.kksa 1 vkSj
2 dk ; ksx] t ks PQ osQ ckb± vksj fLFkr gSa] 180º l s de
gSA vr%] js[ kk, ¡ AB vkSj CD varr% PQ osQ ckb± vksj
i zfrPNsn djsaxhA v kÑfr  5-6
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; wfDyM dh T; kfefr dk i fjp; 77

mi jksDr i k¡pksa vfHk/ kj.kkvksa dks osQoy ns[ kus ek=k l s] gesa ; g Li "Vr% i rk py t k, xk
fd vU;  vfHkèkkj.kkvksa dh rqyuk esa vfHk/ kj.kk 5 oqQN vf/ d t fVy gSA nwl jh vksj]
v fHk/ kj.kk, ¡ 1 l s 4 bruh l jy vkSj Li "V gSa fd mUgsa Lo; a fl ¼ l R;  osQ : i  esa eku
fy; k t krk gSA i jUrq] bUgsa fl ¼ djuk l aHko ugha gSA bl fy, ] bu dFkuksa dks fcuk mi i fÙk
(proof) osQ LohÑr dj fy; k x; k gS (nsf[ k,  i fj f' k"V 1)A bl  t fVyrk osQ dkj.k] i k¡poha
vfHk/ kj.kk i j  vxys vuqPNsn esa vf/ d è; ku fn; k t k, xkA

vkt dy] v̂ fHk/ kj.kk* vkSj v̂ fHkxg̀hr* nksuksa i nksa dks , d nwl js osQ fy,  , d gh vFkZ
esa i z; ksx fd; k t krk gSA okLro esa] vfHk/ kj.kk , d fØ; k (verb) gSA t c ge dgrs gSa fd
v̂kb,  vfHkèkkj.kk djsa*] rks bl dk vFkZ gS fd v̂kb,  fo' o esa i zsf{kr i fj?kVukvksa

(phenomena) osQ vk/ kj i j  oqQN dFku dgsaA* bl dh l R; rk@ekU; rk dh t k¡p ckn esa dh
t krh gSA ; fn og l R;  gS] rks ml s v̂ fHkèkkj.kk* osQ : i  esa LohÑr dj fy; k t krk gSA

oqQN v fHkxg̀hrksa dk , d fudk;  (system) v fojks/ h (consistent) dgykrk gS
(nsf[ k,  i fj f' k"V 1) ] ; fn bu vfHkxg̀hrksa l s , sl k dFku fufeZr djuk v l aHko gks] t ks
fdl h vU;  vfHkxg̀hr ; k i gys fl ¼ fd,  x,  fdl h dFku osQ fojks/ h (contradictory)
gksA vr%] ; fn vfHkxg̀hrksa dk dksbZ fudk;  fn; k gks] rks ; g l qfuf' pr djuk vko' ; d gS
fd ; g fudk;  vfojks/ h gksA

; wfDyM us v i uh vfHk/ kj.kk, ¡ vkSj vfHkxg̀hrksa dks nsus osQ ckn] budk i z; ksx vU;
i fj.kkeksa dks fl ¼ djus esa fd; kA fi Qj bu i fj .kkeksa dk i z; ksx djosQ] mUgksaus fuxefud
roZQ.k (deductive reasoning) }kjk oqQN vkSj i fj .kkeksa dks fl ¼ fd; kA ft u dFkuksa dks
fl ¼ fd; k os l kè;  (propositions) ; k i zes;  (theorems) dgykrh FkhaA ; wfDyM us
vi uh vfHkxg̀hrksa] vfHk/ kj.kkvksa] i fjHkk"kkvksa vkSj i gys fl ¼ dh xbZ i zes; ksa dk i z; ksx
djosQ] , d rkfoZQd  Ük̀a[ kyk esa 465 l kè;  fuxfer (deduce) fd, A T; kfefr osQ oqQN vxys
vè; k; ksa esa vki  bu vfHkxg̀hrksa dk i z; ksx djosQ oqQN i zes; ksa dks fl ¼ djsaxsA

vkb,  vkxs vkus okys mnkgj.kksa esa ns[ ksa fd ; wfDyM us oqQN i fj .kkeksa dks fl ¼ djus
osQ fy,  vi uh vfHkxg̀hrksa vkSj vfHk/ kj.kkvksa dk fdl  i zdkj i z; ksx fd; kA

mnkgj . k 1 : ; fn A, B vkSj  C , d js[ kk i j  fLFkr rhu fcanq gSa vkSj B fcanqvksa A vkSj  C
osQ chp esa fLFkr gS (nsf[ k,  vkÑfr 5-7) ] rks fl ¼ dhft ,  fd AB + BC = AC gSA

v kÑfr 5.7
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78 xf.kr

gy  : mi jksDr vkÑfr esa] AB + BC osQ l kFk AC l ai krh gSA

l kFk gh] ; wfDyM dk vfHkxg̀hr (4)  dgrk gS fd os oLrq, ¡ t ks i jLi j l ai krh gksa , d nwl js
osQ cjkcj gksrh gSaA vr%] ; g fl ¼ fd; k t k l drk gS fd

AB + BC = AC

gSA è; ku nhft ,  fd bl  gy esa ; g eku fy; k x; k gS fd nks fcanqvksa l s gksdj , d vf}rh;
js[ kk [ khaph t k l drh gSA

mnkgj . k 2 : fl ¼ dhft ,  fd , d fn,  gq,  js[ kk[ kaM i j  , d l eckgq f=kHkqt  dh jpuk
dh t k l drh gSA

gy  : mi jksDr dFku esa] , d nh gqbZ yEckbZ dk , d js[ kk[ kaM] eku yhft , ] AB fn; k gS
[nsf[ k,  vkÑfr  5.8 (i)]A

v kÑfr 5.8

; gk¡ vki dks oqQN jpuk djus dh vko' ; drk gSA ; wfDyM dh vfHk/ kj.kk (3)  dk i z; ksx
djosQ] vki  fcanq A dks osQUnz vkSj  AB f=kT; k ysd j  , d oÙ̀k [ khap l drs gSa
[nsf[ k,  vkÑfr 5.8 (ii)]A bl h i zdkj] B dks  osQUnz ekudj vkSj BA f=kT; k ysdj , d vU;
òÙk [ khapk t k l drk gSA ; s nksuksa òÙk eku yhft ,  fcanq C i j  feyrs gSaA vc js[ kk[ kaMksa AC
vkSj BC [ khap dj ABC cukb,  [nsf[ k,  vkÑfr  5.8 (iii)]A

bl fy, ] vki dks fl ¼ djuk gS fd ; g f=kHkqt  , d l eckgq f=kHkqt  gS_ vFkkZr~ AB = AC
= BC gSA

vc] AB = AC gS] D; ksafd ; s , d òÙk dh f=kT; k, ¡ gSaA (1)

bl h i zdkj] AB = BC ( , d gh òÙk dh f=kT; k, ¡) (2)
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; wfDyM dh T; kfefr dk i fjp; 79

mi jksDr nksuksa rF; ksa vkSj ; wfDyM osQ i gys vfHkxg̀hr (os oLrq, ¡ t ks , d gh oLrq osQ cjkcj
gksrh gSa , d nwl js osQ cjkcj  gksrh gSa)  l s vki  fu"d"kZ fudky l drs gSa fd
AB = BC = AC gSA

vr%] ABC , d l eckgq f=kHkqt  gSA

è; ku nhft ,  fd ; gk¡ ; wfDyM us] fcuk dgha crk, ] ; g eku fy; k gS fd osQUnzksa A vkSj
B dks ysdj [ khaps x,  òÙk i jLi j  , d fcanq i j feysaxsA

vc ge , d i zes;  fl ¼ djsaxs t ks fofHkUu i fj .kkeksa esa vusd ckj v f/ dka' kr% i z; ksx dh
t krh gS%

i zes;  5.1 : nks fHkUu js[ kkvksa esa , d l s vf/ d fcanq mHk; fu"B ugha gks l drkA

mi i fÙk : ; gk¡] gesa nks js[ kk, ¡ l vkSj  m nh gqbZ gSaA gesa ; g fl ¼ djuk gS fd l vkSj  m esa osQoy
, d fcanq mHk; fu"B gSA

FkksM+s l e;  osQ fy, ] ; g eku yhft ,  fd ; s nks js[ kk, ¡ nks fHkUu fcanqvksa P vkSj  Q i j
i zfrPNsn djrh gSaA

bl  i zdkj] nks fHkUu fcanqvksa P vkSj Q l s gksdj t kus okyh vki osQ i kl  nks js[ kk, ¡ l vkSj
m gks t krh gSaA i jUrq ; g dFku vfHkx̀ghr 5-1 osQ fo#¼ gS] ft l osQ vuql kj nks fHkUu
fcanqvksa l s gksdj , d vf}rh;  js[ kk [ khaph t k l drh gSA vr%] ge ft l  dYi uk l s pys
Fks fd nks js[ kk, ¡ nks fHkUu fcanqvksa l s gksdj t krh gSa xyr gSA

bl l s ge D; k fu"d"kZ fudky l drs gSa\  ge fu"d"kZ fudkyus i j  ckè;  gks t krs gSa
fd nks fHkUu js[ kkvksa esa , d l s vf/ d fcanq mHk; fu"B ugha gksxkA

i z' ukoyh 5.1

1. fuEufyf[ kr dFkuksa esa l s dkSu&l s dFku l R;  gSa vkSj dkSu&l s dFku v l R;  gSa\  v i us mÙkjksa
osQ fy,  dkj.k nhft , A

(i) , d fcanq l s gksdj osQoy , d gh js[ kk [ khaph t k l drh gSA

(ii) nks fHkUu fcanqvksa l s gksdj t kus okyh v l a[ ;  js[ kk, ¡ gSaA

(iii) , d l kar js[ kk nksuksa vksj v fuf' pr : i  l s c<+kbZ t k l drh gSA

(iv) ; fn nks òÙk cjkcj gSa] rks mudh f=kT; k, ¡ cjkcj gksrh gSaA

(v) vkÑfr 5-9 esa] ; fn AB = PQ vkSj PQ = XY gS] rks AB = XY gksxkA
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v kÑfr 5.9

2. fuEufyf[ kr i nksa esa l s i zR; sd dh i fjHkk"kk nhft ,A D; k buosQ fy,  oqQN , sl s i n gSa] ft Ugsa
i fjHkkf"kr djus dh vko' ; drk gS\  os D; k gSa vkSj vki  bUgsa oSQl s i fjHkkf"kr dj i k, ¡xs\

(i) l ekarj  js[ kk, ¡ (ii) yEc js[ kk, ¡ (iii) js[ kk[ kaM

(iv) òÙk dh f=kT; k (v) oxZ

3. uhps nh gqbZ nks v fHk/ kj.kkvksa i j fopkj dhft ,  %

(i) nks fHkUu fcanq A vkSj B fn,  jgus i j] , d rhl jk fcanq C , sl k fo| eku gS t ks A vkSj
B osQ chp fLFkr gksrk gSA

(ii) ; gk¡ de l s de , sl s rhu fcanq fo| eku gSa fd os , d js[ kk i j fLFkr ugha gSaA

D; k bu v fHk/ kj.kkvksa esa dksbZ v i fjHkkf"kr ' kCn gSa\  D; k ; s v fHk/ kj.kk, ¡ v fojks/ h gSa\  D; k
; s ; wfDyM dh v fHk/ kj.kkvksa l s i zkIr gksrh gSa\  Li "V dhft , A

4. ; fn nks fcanqvksa A vkSj B osQ chp , d fcanq C , sl k fLFkr gS fd AC = BC gS] rks fl ¼ dhft ,

fd AC = 
1
2

AB gSA ,d vkÑfr [ khap dj bl s Li "V dhft , A

5. i z' u 4 esa] C js[ kk[ kaM AB dk , d eè; &fcanq dgykrk gSA fl ¼ dhft ,  fd , d js[ kk[ kaM
dk , d vkSj osQoy , d gh eè; &fcanq gksrk gSA

6. vkÑfr 5-10 esa] ; fn AC = BD gS, rks fl ¼ dhft ,  fd  AB = CD gSA

v kÑfr  5-10

7. ; wfDyM dh v fHkxg̀hrksa dh l wph esa fn; k gqvk v fHkxg̀hr 5 , d l oZO; ki h l R;  D; ksa ekuk
t krk gS\  (è; ku nhft ,  fd ; g i z' u i k¡poha v fHk/ kj.kk l s l acaf/ r ugha gSA)

5.3 l kj ka' k

bl  vè; k;  esa] vki us fuEufyf[ kr fcanqvksa dk vè; ; u fd; k gS%

1. ; | fi  ; wfDyM us fcanq] js[ kk vkSj ry dks i fjHkkf"kr fd; k gS] i jUrq xf.krKksa us bu
i fjHkk"kkvksa dks Lohdkj ugha fd; k gSA bl fy,  T; kfefr esa bUgsa vc vi fjHkkf"kr i nksa osQ : i
esa fy; k t krk gSA
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; wfDyM dh T; kfefr dk i fjp; 81

2. vfHkxg̀hr vkSj v fHk/ kj.kk, ¡ , sl h dYi uk, ¡ gSa t ks Li "Vr% l oZO; ki h l R;  gksrh gSaA bUgsa fl ¼
ugha fd; k t krk gSA

3. i zes;  os dFku gSa ft Ugsa i fjHkk"kkvksa] v fHkxg̀hrksa] i gys fl ¼ fd,  x,  dFkuksa vkSj fuxefud
roZQ.k }kjk fl ¼ fd; k t krk gSA

4. ; wfDyM osQ oqQN vfHkxg̀hr Fks %

(1) os oLrq, ¡ t ks ,d gh oLrq osQ cjkcj gksa] , d nwl js osQ cjkcj gksrh gSaA

(2) ; fn cjkcjksa dks cjkcjksa esa t ksM+k t k, ] rks i w.kZ Hkh cjkcj gksrs gSaA

(3) ; fn cjkcjksa dks cjkcjksa esa l s ?kVk; k t k, ] rks ' ks"ki Qy Hkh cjkcj gksrs gSaA

(4) os oLrq, ¡ t ks i jLi j l ai krh gksa , d nwl js osQ cjkcj gksrh gSaA

(5) i w.kZ v i us Hkkx l s cM+k gksrk gSA

(6) , d gh oLrqvksa osQ nqxqus i jLi j cjkcj gksrs gSaA

(7) , d gh oLrqvksa osQ vk/ s i jLi j cjkcj gksrs gSaA

5. ; wfDyM dh v fHk/ kj.kk, ¡ fuEu Fkha %

v fHk/ kj . kk 1 : , d fcanq l s , d vU;  fcanq rd , d l h/ h js[ kk [ khaph t k l drh gSA

v fHk/ kj . kk 2 : , d l kar js[ kk dks v fuf' pr : i  l s c<+k; k t k l drk gSA

v fHk/ kj . kk 3 : fdl h dks osQUnz eku dj vkSj fdl h f=kT; k l s , d òÙk [ khapk t k
l drk gSA

v fHk/ kj . kk  4 : l Hkh l edks.k , d nwl js osQ cjkcj gksrs gSaA
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v è; k; 6

j s[ kk, ¡ v kSj  dks. k

6.1 Hkwfedk

vè; k;  5 esa] vki  i <+ pqosQ gSa fd , d js[ kk dks [ khapus osQ fy,  U; wure nks fcanqvksa dh
vko' ; drk gksrh gSA vki us oqQN vfHkxg̀hrksa (axioms) dk Hkh vè; ; u fd; k gS vkSj
mudh l gk; rk l s oqQN vU;  dFkuksa dks fl ¼ fd; k gSA bl  vè; k;  esa] vki  dks.kksa osQ mu
xq.kksa dk vè; ; u djsaxs t c nks js[ kk, ¡ i jLi j  i zfrPNsn djrh gSa vkSj dks.kksa osQ mu xq.kksa
dk Hkh vè; ; u djsaxs t c , d js[ kk nks ; k vf/ d l ekarj js[ kkvksa dks fHkUu&fHkUu fcanqvksa
i j  dkVrh gSA l kFk gh] vki  bu xq.kksa dk fuxefud roZQ.k (deductive reasoning) }kjk
oqQN dFkuksa dks fl ¼ djus esa Hkh i z; ksx djsaxs (nsf[ k,  i fj f' k"V 1)A vki  fi Nyh d{kkvksa
esa bu dFkuksa dh oqQN fØ; kdyki ksa }kjk t k¡p ( i qf"V)  dj pqosQ gSaA

vki  v i us nSfud t hou esa l ery i "̀Bksa osQ fdukjksa (edges) osQ chp cus vusd i zdkj
osQ dks.k ns[ krs gSaA l ery i "̀Bksa dk i z; ksx djosQ] , d gh i zdkj osQ ekWMy cukus osQ fy, ]
vki dks dks.kksa osQ ckjs esa foLrr̀ t kudkjh dh vko' ; drk gksrh gSA mnkgj.kkFkZ] vki  vi us
fo| ky;  dh i znf' kZuh osQ fy,  ck¡l ksa dk i z; ksx djosQ , d >ksai M+h dk ekWMy cukuk pkgrs
gSaA l ksfp, ] vki  bl s oSQl s cuk, ¡xsA oqQN ck¡l ksa dks vki  i jLi j  l ekarj j[ ksaxs vkSj oqQN dks
frjNk j [ ksaxsA t c , d vkfoZQVsDV (architect) , d cgqryh;  Hkou osQ fy,  , d js[ kkfp=k
[ khaprk gS] rks ml s fofHkUu dks.kksa i j  i zfrPNsnh vkSj l ekarj js[ kk, ¡ [ khapuh i M+rh gSaA D; k
vki  l ksprs gSa fd og js[ kkvksa vkSj dks.kksa osQ Kku ds fcuk bl  Hkou dh : i js[ kk [ khap
l drk gS\

foKku esa] vki  i zdk' k osQ xq.kksa dk fdj.k vkjs[ k (ray diagrams) [ khap dj vè; ; u
djrs gSaA mnkgj.kkFkZ] i zdk' k osQ vi orZu (refraction) xq.k dk vè; ; u djus osQ fy, ] t c
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i zdk' k dh fdj.ksa , d ekè; e (medium) l s nwl js ekè; e esa i zos' k djrh gSa] vki  i zfrPNsnh
js[ kkvksa vkSj l ekarj js[ kkvksa osQ xq.kksa dk i z; ksx djrs gSaA t c , d fi aM i j  nks ; k vf/ d
cy dk; Z dj jgs gksa] rks vki  bu cyksa dk ml  fi aM i j  i fj.kkeh cy Kkr djus osQ fy, ]
, d , sl k vkjs[ k [ khaprs gSa ft l esa cyksa dks fn"V js[ kk[ kaMksa (directed line segments) }kjk
fu: fi r fd; k t krk gSA ml  l e; ] vki dks mu dks.kksa osQ chp l aca/  t kuus dh vko' ; drk
gksxh ft udh fdj.ksa (vFkok js[ kk[ kaM) i jLi j  l ekarj ; k i zfrPNsnh gksaxhA , d ehukj dh
Å¡pkbZ Kkr djus vFkok fdl h t gkt  dh , d i zdk' k i qat  (light house) l s nwjh Kkr djus
osQ fy, ] gesa {kSfrt  vkSj ǹf"V js[ kk (line of sight) osQ chp cus dks.k dh t kudkjh dh
vko' ; drk gksxhA i zpqj ek=kk esa , sl s mnkgj.k fn,  t k l drs gSa t gk¡ js[ kkvksa vkSj dks.kksa dk
i z; ksx fd; k t krk gSA T; kfefr osQ vkus okys vè; k; ksa esa] vki  js[ kkvksa vkSj dks.kksa osQ bu xq.kksa
dk vU;  mi ; ksxh xq.kksa dks fuxfer ( fudkyus)  djus esa i z; ksx djsaxsA

vkb,  i gys ge fi Nyh d{kkvksa esa js[ kkvksa vkSj dks.kksa l s l acaf/ r i <+s x,  i nksa vkSj
i fjHkk"kkvksa dk i qufoZyksdu djsaA

6.2 v k/ kj Hkwr  i n v kSj  i fj Hkk"kk, ¡

; kn dhft ,  fd , d js[ kk dk og Hkkx ft l osQ nks var fcanq gksa , d j s[ kk[ kaM dgykrk gS
vkSj js[ kk dk og Hkkx ft l dk , d var fcanq gks , d fd j . k dgykrk gSA è; ku nhft ,
fd js[ kk[ kaM AB dks AB  l s O; Dr fd; k t krk gS vkSj ml dh yackbZ dks AB l s O; Dr fd; k
t krk gSA fdj.k AB dks AB  l s vkSj js[ kk AB dks AB  l s O; Dr fd; k t krk gSA i jUrq ge bu
l aosQruksa dk i z; ksx ugha djsaxs rFkk js[ kk AB, fdj.k AB] js[ kk[ kaM AB vkSj ml dh yackbZ
dks , d gh l aosQr AB l s O; Dr djsaxsA budk vFkZ l anHkZ l s Li "V gks t k, xkA dHkh&dHkh
NksVs v{kj t Sl s l, m, n bR; kfn dk i z; ksx js[ kkvksa dks O; Dr djus esa fd; k t k, xkA

; fn rhu ; k vf/ d fcanq , d gh js[ kk i j  fLFkr gksa] rks os l aj s[ k fcanq (collinear
points) dgykrs gSa] vU; Fkk os v l ajs[ k fcanq (non-collinear points) dgykrs gSaA

; kn dhft ,  fd t c nks fdj.ksa , d gh var fcanq l s i zkjEHk gksrh gSa] rks , d dks. k
(angle) curk gSA dks.k dks cukus okyh nksuksa fdj.ksa dks.k dh Hkqt k, ¡ (arms ; k sides)
dgykrh gSa vkSj og mHk; fu"B var fcanq dks.k dk ' kh"kZ (vertex) dgykrk gSA vki
fi Nyh d{kkvksa esa] fofHkUu i zdkj osQ dks.kksa t Sl s U; wu dks.k (acute angle), l edks.k
(right angle), vf/ d dks.k (obtuse angle),  Í t q dks.k (straight angle) vkSj i zfrorhZ dks.k
(reflex angle) osQ ckjs esa i <+ pqosQ gSa (nsf[ k,  vkÑfr 6-1)A
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(i) U; wu dks.k : 0° < x < 90° (ii) l edks.k : y = 90° (iii) vf/ d dks.k : 90° < z < 180°

(iv) Í t q dks.k : s = 180° (v) i zfrorhZ dks.k : 180° < t < 360°

v kÑfr  6.1 : dks. kksa osQ i zdkj

, d U; wu dks. k dk eki  0º vkSj 90º osQ chp gksrk gS] t cfd , d l edks. k dk eki
Bhd 90º gksrk gSA 90º l s vf/ d i jUrq 180º l s de eki  okyk dks.k v f/ d  dks. k
dgykrk gSA l kFk gh] ; kn dhft ,  fd , d Í t q dks. k 180º osQ cjkcj gksrk gSA og dks.k
t ks 180º l s vf/ d] i jUrq 360º l s de eki  dk gksrk gS ,d i zfrorhZ dks. k dgykrk
gSA bl osQ vfrfjDr] ; fn nks dks.kksa dk ; ksx , d l edks.k osQ cjkcj gks] rks , sl s dks.k i wj d
dks. k (complementary angles) dgykrs gSa vkSj os nks dks.k] ft udk ; ksx 180º gks]
l ai wj d  dks. k (supplementary angles) dgykrs gSaA

v ki  fi Nyh d {kkv ksa esa v kl Uu dks. kksa
(adjacent angles) osQ ckjs esa Hkh i <+ pqosQ gSa
(nsf[ k,  vkÑfr 6.2)A nks dks.k v kl Uu dks. k
(adjacent angles) dgykrs gSa] ; fn muesa , d
mHk; fu"B ' kh"kZ gks] , d mHk; fu"B Hkqt k gks vkSj
mudh os Hkqt k, ¡ t ks mHk; fu"B ugha gSa] mHk; fu"B
Hkqt k osQ foi jhr vksj fLFkr gksaA vkÑfr 6-2 esa]
ABD vkSj  DBC vkl Uu dks.k gSaA fdj.k BD
budh mHk; fu"B Hkqt k gS vkSj B budk mHk; fu"B v kÑfr  6.2 : v kl Uu dks. k
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' kh"kZ gSA fdj.k BA vkSj fdj.k BC os Hkqt k, ¡ gSa t ks mHk; fu"B ugha gSaA bl osQ vfrfjDr]

t c nks dks.k vkl Uu dks.k gksrs gSa] rks mudk ; ksx ml  dks.k osQ cjkcj gksrk gS t ks budh

mu Hkqt kvksa l s curk gS] t ks mHk; fu"B ugha gSaA vr% ge fy[ k l drs gSa fd

ABC = ABD + DBC gSA

è; ku nhft ,  fd  ABC vkSj  ABD vkl Uu

dks.k ugha gSaA D; ksa\  bl dk dkj.k ; g gS fd

vmHk; fu"B Hkqt k, ¡ (vFkkZr~ os Hkqt k, ¡ t ks mHk; fu"B

ugha gSa)  BD vkSj  BC mHk; fu"B Hkqt k BA osQ , d

gh vksj fLFkr gSA

; fn vkÑfr 6-2 esa] vmHk; fu"B Hkqt k, ¡ BA

vkSj  BC , d js[ kk cuk, ¡] rks ; g vkÑfr 6-3 t Sl k

yxsxkA bl  fLFkfr esa] ABD vkSj  DBC dks. kksa

dk , d j Sf[ kd  ; qXe (linear pair of angles)

cukrs gSaA

vki  ' kh"kkZfHkeq[ k dks. kksa (vertically opposite

angles) dks Hkh ; kn dj l drs gSa] t ks nks js[ kkvksa]

eku yhft , ] AB vkSj  CD dks i jLi j  fcanq O i j

i zfrPNsn djus i j  curs gSa (nsf[ k,  vkÑfr 6-4)A

; gk¡ ' kh"kkZfHkeq[ k dks.kksa osQ nks ; qXe gSaA buesa l s , d

; qXe AOD vkSj  BOC dk gSA D; k vki  nwl jk

; qXe Kkr dj l drs gSa\

6.3 i zfrPNsnh j s[ kk, ¡ v kSj  v i zfrPNsnh j s[ kk, ¡

, d dkx”k i j  nks fHkUu js[ kk, ¡ PQ vkSj  RS [ khafp, A vki  ns[ ksaxs fd vki  bu js[ kkvksa dks nks

i zdkj l s [ khap l drs gSa] t Sl k fd vkÑfr 6.5 (i) vkSj vkÑfr 6.5 (ii) esa n' kkZ; k x; k gSA

v kÑfr  6.4 : ' kh"kkZfHkeq[ k dks. k

v kÑfr  6.3 : dks. kksa dk jSf[ kd  ; qXe
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(i) i zfrPNsnh js[ kk, ¡ (ii) vi zfrPNsnh ( l ekarj)  js[ kk, ¡

v kÑfr  6.5 : nks j s[ kk, ¡ [ khapus osQ fofHkUu i zdkj

js[ kk dh bl  vo/ kj.kk dks Hkh ; kn dhft ,  fd og nksuksa fn' kkvksa esa vfuf' pr : i
l s foLr r̀  gksrh gSA js[ kk, ¡ PQ vkSj  RS vkÑfr  6.5 (i) esa i zfrPNsnh js[ kk, ¡ gSa vkSj
vkÑfr  6.5 (ii) esa ; s l ekarj js[ kk, ¡ gSaA è; ku nhft ,  fd bu nksuksa l ekarj js[ kkvksa osQ fofHkUu
fcanqvksa i j  muosQ mHk; fu"B yEcksa dh yackb; k¡ l eku jgsaxhA ; g l eku yackbZ nksuksa l ekarj
js[ kkvksa osQ chp dh nwjh dgykrh gSA

6.4 dks. kksa osQ ; qXe

vuqPNsn 6-2 esa] vki  dks.kksa osQ oqQN ; qXeksa t Sl s
i wjd dks.k] l ai wjd dks.k] vkl Uu dks.k] dks.kksa dk
jSf[ kd ; qXe] bR; kfn dh i fjHkk"kkvksa osQ ckjs esa i <+
pqosQ gSaA D; k vki  bu dks.kksa esa fdl h l aca/  osQ
ckjs esa l ksp l drs gSa\  vkb,  vc mu dks.kksa esa
l aca/  i j  fopkj djsa ft Ugsa dksbZ fdj.k fdl h js[ kk
i j  fLFkr gksdj cukrh gS] t Sl k fd vkÑfr 6-6 esa
n' kkZ; k x; k gSA js[ kk dks AB vkSj fdj.k dks OC
dfg, A fcanq O i j  cuus okys dks.k D; k gSa\ ; s
AOC, BOC vkSj  AOB gSaA

D; k ge AOC + BOC = AOB fy[ k l drs gSa\ (1)

gk¡! (D; ksa\  vuqPNsn 6-2 esa fn,  vkl Uu dks.kksa dks nsf[ k, A)

AOB dk eki  D; k gS\ ; g 180° gSA (D; ksa\ ) (2)

D; k (1)  vksj (2) l s] vki  dg l drs gSa fd AOC + BOC = 180° gS\ gk¡! (D; ksa\)

mi jksDr ppkZ osQ vk/ kj i j ] ge fuEu vfHkxg̀hr dks fy[ k l drs gSa%

v kÑfr  6.6 : dks. kksa dk jSf[ kd  ; qXe
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v fHkxg̀hr  6.1 : ; fn , d fdj.k , d js[ kk i j  [ kM+h gks] rks bl  i zdkj cus nksuksa vkl Uu
dks.kksa dk ; ksx 180º gksrk gSA

; kn dhft ,  fd t c nks vkl Uu dks.kksa dk ; ksx 180º gks] rks os dks.kksa dk , d j Sf[ kd
; qXe cukrs gSaA

vfHkxg̀hr 6-1 esa ; g fn; k gS fd ,̂ d fdj.k , d js[ kk i j [ kM+h gks*A bl  fn,  gq,  l s]
geus fu"d"kZ fudkyk fd bl  i zdkj cus nksuksa vkl Uu dks.kksa dk ; ksx 180º gksrk gSA D; k ge
vfHkxg̀hr 6-1 dks , d foi jhr i zdkj l s fy[ k l drs gSa\ vFkkZr~ vfHkx̀ghr 6-1 osQ fu"d"kZ
dks fn; k gqvk ekusa vkSj ml osQ fn,  gq,  dks fu"d"kZ ekusaA rc gesa ; g i zkIr gksxk%

(A) ; fn nks vkl Uu dks.kksa dk ; ksx 180º gS] rks , d fdj.k , d js[ kk i j  [ kM+h gksrh
gS (vFkkZr~ vmHk; fu"B Hkqt k, ¡ , d gh js[ kk esa gSa)A

vc vki  ns[ krs gSa fd vfHkxg̀hr 6.1 vkSj dFku (A) , d nwl js osQ foi jhr gSaA ge buesa
l s i zR; sd dks nwl js dk foykse (converse) dgrs gSaA ge ; g ugha t kurs fd dFku (A)
l R;  gS ; k ughaA vkb,  bl dh t k¡p djsaaA fofHkUu eki ksa osQ] vkÑfr 6-7 esa n' kkZ,  vuql kj]
vkl Uu dks.k [ khafp, A i zR; sd fLFkfr esa] vmHk; fu"B Hkqt kvksa esa l s , d Hkqt k osQ vuqfn' k
, d i Vjh (ruler) j f[ k, A D; k nwl jh Hkqt k Hkh bl  i Vjh osQ vuqfn' k fLFkr gS\

v kÑfr  6.7 : fofHkUu eki ksa osQ v kl Uu dks. k
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vki  i k, ¡xs fd osQoy vkÑfr 6.7 (iii) esa gh nksuksa vmHk; fu"B Hkqt k, ¡ i Vjh osQ vuqfn' k
gSa] vFkkZr~  A, O vkSj  B , d gh js[ kk i j  fLFkr gSa vkSj fdj.k OC bl  js[ kk i j  [ kM+h gSA
l kFk gh] ; g Hkh nsf[ k,  fd  AOC + COB = 125º + 55º = 180º gSA bl l s vki  fu"d"kZ
fudky l drs gSa fd dFku (A) l R;  gSA vr%] vki  bl s , d vfHkxg̀hr osQ : i  esa fuEu
i zdkj fy[ k l drs gSa %

v fHkxg̀hr  6.2 : ; fn nks vkl Uu dks.kksa dk ; ksx 180º gS] rks mudh vmHk; fu"B Hkqt k, ¡ , d
js[ kk cukrh gSaA

Li "V dkj.kksa l s] mi jksDr nksuksa vfHkx̀ghrksa dks feyk dj j Sf[ kd  ; qXe v fHkxg̀hr
(Linear Pair Axiom) dgrs gSaA

vkb,  vc ml  fLFkfr dh t k¡p djsa t c nks js[ kk, ¡ i zfrPNsn djrh gSaA

fi Nyh d{kkvksa l s vki dks ; kn gksxk fd ; fn nks js[ kk, ¡ i jLi j  i zfrPNsn djsa] rks
' kh"kZkfHkeq[ k dks.k cjkcj gksrs gSaA vkb,  vc bl  i fj .kke dks fl ¼ djsaA , d mi i fÙk
(proof) esa fufgr vo; oksa osQ fy, ] i fj f' k"V 1 dks nsf[ k,  vkSj uhps nh gqbZ mi i fÙk dks
i <+rs l e;  bUgsa è; ku esa jf[ k, A

i zes;  6.1 : ; fn nks js[ kk, ¡ i jLi j i zfrPNsn djrh gSa] rks ' kh"kkZfHkeq[ k dks.k cjkcj gksrs gSaA

mi i fÙk : mi jksDr dFku esa ; g fn; k gS fd nks js[ kk, ¡
i jLi j  i zfrPNsn djrh gSaA vr% eku yhft ,  fd AB
vkSj CD nks js[ kk, ¡ gSa t ks i jLi j  fcanq O i j  i zfrPNsn
djrh gSa] t Sl k fd vkÑfr 6-8 esa n' kkZ; k x; k gSA bl l s
gesa ' kh"kkZfHkeq[ k dks.kksa osQ fuEu nks ; qXe i zkIr gksrs gSa%

(i) AOC vkSj  BOD (ii) AOD vkSj  BOC

gesa fl ¼ djuk gS fd AOC = BOD gS vkSj  AOD = BOC gSA

vc fdj.k OA js[ kk CD i j  [ kM+h gSA

vr%] AOC + AOD = 180º (jSf[ kd ; qXe vfHkxg̀hr ) (1)

D; k ge AOD + BOD = 180º fy[ k l drs gSa\  gk¡A (D; ksa\ ) (2)

(1) vkSj  (2) l s] ge fy[ k l drs gSa fd%

AOC + AOD = AOD + BOD

bl l s fu"d"kZ fudyrk gS fd AOC = BOD ( vuqPNsn 5-2 dk vfHkxg̀hr 3 nsf[ k, )

v koQ̀fr  6.8 : ' kh"kkZfHkeq[ k dks.k    
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bl h i zdkj] fl ¼ fd; k t k l drk gS fd  AOD = BOC gSA
vkb,  vc jSf[ kd ; qXe vfHkxg̀hr vkSj i zes;  6-1 i j  vk/ kfjr oqQN mnkgj.k gy djsaA

mnkgj . k 1 : vkÑfr 6-9 esa] js[ kk, ¡ PQ vkSj  RS i jLi j
fcanq O i j  i zfrPNsn djrh gSaA ; fn POR : ROQ
= 5 : 7 gS] rks l Hkh dks.k Kkr dhft , A

gy  : POR +ROQ = 180º
( jSf[ kd ; qXe osQ dks.k)

i jUrq] POR : ROQ = 5 : 7 ( fn; k gS)

vr%] POR =
5

12
 × 180° = 75°

bl h i zdkj] ROQ =
7

12
 × 180° = 105°

v c POS = ROQ = 105° ( ' kh"kkZfHkeq[ k dks.k)

vkSj SOQ = POR = 75° ( ' kh"kkZfHkeq[ k dks.k)

mnkgj . k 2 : vkÑfr 6-10 esa] fdj.k OS js[ kk POQ i j  [ kM+h gSA fdj.k OR vkSj OT
Øe' k% POS vkSj SOQ osQ l ef}Hkkt d gSaA ; fn POS = x gS] rks ROT Kkr
dhft , A

gy  : fdj.k OS js[ kk POQ i j  [ kM+h gSA

vr%, POS + SOQ = 180º

i jUrq] POS = x

vr%] x + SOQ = 180º

bl fy, ] SOQ = 180º – x

vc fdj.k OR, POS dks l ef}Hkkft r djrh gSA

bl fy, ] ROS =
1
2

 × POS

=
1
2

 × x = 
2
x

v koQ̀fr  6.9

v koQ̀fr  6.10
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bl h i zdkj] SOT =
1
2
× SOQ

=
1
2

 × (180° – x)

= 90
2
x

 

vc] ROT = ROS + SOT

= 90 –
2 2
x x
 

= 90°

mnkgj . k 3 : vkÑfr 6-11 esa] OP, OQ, OR vkSj  OS
pkj fdj.ksa gSaA fl ¼ dhft ,  fd POQ + QOR +
SOR + POS = 360° gSA

gy  : vkÑfr  6.11 esa] vki dks fdj.kksa OP, OQ, OR
vkSj  OS esa l s fdl h , d dks i hNs , d fcanq rd
c<+k,  t kus dh vko' ; drk gSA vkb,  fdj.k OQ dks
, d fcanq T rd i hNs c<+k nsa rkfd  TOQ , d js[ kk
gks (nsf[ k,  vkÑfr 6-12)A

vc fdj.k OP js[ kk TOQ i j  [ kM+h gSA

vr%] TOP + POQ = 180° (1)

( jSf[ kd ; qXe vfHkxg̀hr)

bl h i zdkj] fdj.k OS  js[ kk TOQ i j  [ kM+h gSA

vr%] TOS + SOQ = 180° (2)

i jUrq SOQ = SOR + QOR gSA

vr%] (2) fuEu gks t krh gS %

TOS + SOR + QOR = 180° (3)

v koQ̀fr   6.11

v koQ̀fr   6.12
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vc] (1) vkSj  (3) dks t ksM+us i j ] vki dks i zkIr gksxk%

TOP + POQ + TOS + SOR + QOR = 360° (4)

i jUrq TOP + TOS = POS gSA

vr%] (4) fuEu gks t krh gS %

POQ + QOR + SOR + POS = 360°

i z' ukoyh 6.1

1. vkÑfr 6.13 esa, js[ kk, ¡ AB vkSj CD fcanq O i j i zfrPNsn
djrh gSaA ; fn AOC + BOE = 70° gS vkSj
BOD = 40° gS] rks BOE vkSj i zfrorhZ COE Kkr
dhft , A

2. vkÑfr 6-14 esa] js[ kk, ¡  XY vkSj  MN fcanq O i j
i zfrPNsn d jrh gSaA ; fn  POY = 90° v kSj
a : b = 2 : 3 gS, rks c Kkr dhft , A

3. vkÑfr  6.15 esa] ; fn PQR = PRQ gS] rks fl ¼
dhft ,  fd PQS = PRT gSA

v koQ̀fr   6.13

v koQ̀fr   6.14

v koQ̀fr   6.15
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4. vkÑfr 6.16 esa, ; fn x + y = w + z gS, rks fl ¼ dhft ,
fd AOB , d js[ kk gSA

5. vkÑfr   6.17 esa, POQ , d js[ kk gSA fdj.k OR js[ kk
PQ i j yEc gSA fdj.kksa OP vkSj OR osQ chp esa OS
, d vU;  fdj.k gSA fl ¼ dhft , %

ROS = 
1
2

 (QOS – POS)

6. ; g fn; k gS fd  XYZ = 64° gS vkSj XY dks fcanq P rd c<+k; k x; k gSA nh gqbZ l wpuk l s
, d vkÑfr [ khafp, A ; fn fdj.k YQ, ZYP dks l ef}Hkkft r djrh gS] rks XYQ vkSj
i zfrorhZ QYP ds eku Kkr dhft , A

6.5 , d  gh j s[ kk osQ l ekar j  j s[ kk, ¡

; fn nks js[ kk, ¡ , d gh js[ kk osQ l ekarj gksa] rks D; k os
i jLi j  l ekar j  gksaxh\  vkb,  bl dh t k¡p d jsaA
vkÑfr 6-18 dks nsf[ k, ] ft l esa m || l gS vkSj n || l gSA
vkb,  js[ kkvksa l, m vkSj n osQ fy,  , d fr; Zd js[ kk
t [ khapsaA ; g fn; k gS fd m || l gS vkSj n || l gSA

vr%] 1 = 2 vkSj 1 = 3 gSA
( l axr dks.k vfHkxg̀hr)

bl fy, ] 2 = 3 (D; ksa\ )

i jUrq 2 vkSj  3 l axr dks.k gSa vkSj cjkcj gSaA

v kÑfr  6.16

v kÑfr 6.17

v koQ̀fr   6.18
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vr%] vki  dg l drs gSa fd

m || n ( l axr dks.k vfHkxg̀hr dk foykse)

bl  i fj .kke dks , d i zes;  osQ : i  esa fuEu i zdkj O; Dr fd; k t k l drk gS%

i zes;  6.2 : os js[ kk, ¡ t ks , d gh js[ kk osQ l ekarj gksa] i jLi j  l ekarj gksrh gSaA

fVIi . kh : mi jksDr xq.k dks nks l s vf/ d js[ kkvksa osQ fy,  Hkh ykxw fd; k t k l drk gSA

vkb,  vc l ekarj js[ kkvksa l s l acaf/ r oqQN i z' u gy djsa%

mnkgj . k 4 : vkÑfr  6.19 esa, ; fn PQ || RS, MXQ = 135° vkSj  MYR = 40° gS, rks
XMY Kkr dhft ,A

v kÑfr 6.19 v kÑfr 6.20

gy  : ; gk¡ gesa m l s gksdj] js[ kk PQ osQ l ekarj , d js[ kk AB [ khapus dh vko' ; drk gS]
t Sl k fd vkÑfr 6-20 esa fn[ kk; k x; k gSA vc]  AB || PQ vkSj  PQ || RS gSA

vr%] AB || RS gSA (D; ksa\ )

vc] QXM +  XMB = 180°

 (AB || PQ, fr; Zd js[ kk XM osQ , d gh vksj osQ var% dks.k)

i jUrq] QXM = 135° gSA bl fy, ]

135° + XMB = 180°

vr%] XMB = 45°  (1)

vc] BMY = MYR (AB || RS, , dkarj dks.k)

vr%] BMY = 40°  (2)
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(1) vkSj (2)  dks t ksM+us i j] vki dks i zkIr gksxk %

XMB + BMY = 45° + 40°

vFkkZr] XMY = 85°

mnkgj . k 5 : ; fn , d fr; Zd js[ kk nks js[ kkvksa dks bl  i zdkj i zfrPNsn djs fd l axr dks.kksa
osQ , d ; qXe osQ l ef}Hkkt d i jLi j  l ekarj gksa] rks fl ¼ dhft ,  fd nksuksa js[ kk, ¡ Hkh i jLi j
l ekarj gksrh gSaA

gy  : vkÑfr 6-21 esa] , d fr; Zd js[ kk AD nks js[ kkvksa PQ vkSj  RS dks Øe' k% fcanqvksa B
vkSj  C i j  i zfrPNsn djrh gSA fdj.k BE, ABQ dh l ef}Hkkt d gS vkSj fdj.k CG,
BCS dh l ef}Hkkt d gS rFkk BE || CG gSA

geas fl ¼ djuk gS fd PQ || RS gSA

; g fn; k gS fd fdj.k BE, ABQ dh l ef}Hkkt d gSA

vr%] ABE =
1
2

 ABQ  (1)

bl h i zdkj fdj.k CG, BCS dh l ef}Hkkt d gSA

vr%] BCG =
1
2

 BCS  (2)

i jUrq] BE || CG gS vkSj  AD , d fr; Zd js[ kk gSA

vr%] ABE = BCG

            ( l axr dks.k vfHkxg̀hr)  (3)

(3) esa] (1)  vkSj (2) dks i zfrLFkkfi r djus i j] vki dks i zkIr gksxk%

1
2

 ABQ =
1
2

 BCS

vFkkZr~] ABQ = BCS

i jUrq] ; s fr; Zd js[ kk AD }kjk js[ kkvksa PQ vkSj RS osQ l kFk cuk,  x,  l axr dks.k gSa vkSj
; s cjkcj gSaA

v kÑfr 6.21
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vr%] PQ || RS

( l axr dks.k vfHkxg̀hr dk foykse)

mnkgj . k 6 : vkÑfr  6.22 esa, AB || CD vkSj  CD || EF gSA
l kFk gh] EA  AB gSA ; fn BEF = 55° gS] rks x, y vkSj
z osQ eku Kkr dhft , A

gy  : y + 55° = 180° (CD || EF, fr; Zd

js[ kk ED osQ , d gh vksj osQ var% dks.k)

vr%] y = 180° – 55° = 125°

i qu%] x = y  (AB || CD, l axr dks.k vfHkx̀ghr )

bl fy, ] x = 125°

vc pwa¡fd AB || CD vkSj  CD || EF gS, bl fy,  AB || EF gSA

vr%] EAB + FEA = 180°

(fr; Zd js[ kk EA osQ , d gh vksj osQ var% dks.k)

bl fy, ] 90° + z + 55° = 180°

ft l l s] z = 35° i zkIr gksrk gSA

i z' ukoyh 6.2

1. vkÑfr  6.23 esa] ; fn AB || CD, CD || EF vkSj
y : z = 3 : 7 gS, rks x dk eku Kkr dhft , A

2. vkÑfr  6.24 esa] ; fn AB || CD, EF  CD vkSj
GED = 126° gS] rks AGE, GEF vkSj FGE
Kkr dhft , A

v kÑfr 6.22

v kÑfr 6.23

v kÑfr 6.24
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3. vkÑfr  6.25 esa, ; fn PQ || ST,  PQR = 110° vkSj
 RST = 130° gS] rks QRS Kkr dhft ,A

[l aosQr  % fcanq R l s gksdj ST osQ l ekarj , d js[ kk
[ khafp,A]

4. vkÑfr  6.26 esa, ; fn AB || CD, APQ = 50° vkSj
PRD = 127° gS] rks x vkSj  y Kkr dhft , A

5. vkÑfr  6.27 esa] PQ vkSj  RS nks ni Z.k gSa t ks , d nwl js
osQ l ekarj j[ ks x,  gSaA , d vki ru fdj.k (incident
ray) AB, ni Z.k PQ l s B i j  Vdjkrh gS vkSj i jkofrZr
fdj.k (reflected ray) i Fk BC i j pydj ni Z.k RS
l s C i j Vdjkrh gS rFkk i qu% CD osQ vuqfn' k i jkofrZr
gks t krh gSA fl ¼ dhft ,  fd AB || CD gSA

6.6 l kj ka' k

bl  vè; k;  esa] vki us fuEu fcanqvksa dk vè; ; u fd; k gS%

1. ; fn ,d fdj.k , d js[ kk i j [ kM+h gks] rks bl  i zdkj cus nksuksa vkl Uu dks.kksa dk ; ksx 180º
gksrk gS vkSj foykser% ; fn nks vkl Uu dks.kksa dk ; ksx 180º gS] rks mudh vmHk; fu"B Hkqt k, ¡
, d js[ kk cukrh gSaA bu xq.kksa dks feykdj jSf[ kd ; qXe v fHkxg̀hr dgrs gSaA

2. ; fn nks js[ kk, ¡ i jLi j i zfrPNsn djsa] rks ' kh"kkZfHkeq[ k dks.k cjkcj gksrs gSaA

3. os js[ kk, ¡ t ks , d gh js[ kk osQ l ekarj gksrh gSa i jLi j l ekarj gksrh gSaA

v kÑfr 6.25

v kÑfr 6.26

v kÑfr 6.27
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i fj f' k"V 1

xf. kr  esa mi i fÙk; k¡

A1.1 Hkwfedk

eku yhft ,  vki osQ i fjokj osQ i kl  , d Hkw[ kaM gS]
i jUrq ml osQ pkjksa vksj dksbZ ckM+ (fence) ugha cuh
gSA ,d fnu vki osQ i M+ksl h us vi us Hkw[ kaM osQ pkjksa
vksj ckM+ (fence) cukus dk fu.kZ;  fy; kA t c
i M+ksl h us ckM+ cuk yh] rc vki dks i rk pyk fd
ckM+ osQ vanj vki osQ i fjokj osQ Hkw[ kaM dk oqQN
Hkkx pyk x; k gSA vki  v i us i M+ksl h dks oSQl s fl ¼
djsaxs fd ml us vki osQ Hkw[ kaM osQ oqQN Hkkx i j
dCt k djus dh dksf' k' k dh gSA bl  l aca/  esa vki dk i gyk dke i fj l hek okys fookn dks l qy>kus
osQ fy,  xk¡o osQ cqt xks± l s l gk; rk ysuk gks l drk gSA i jUrq] eku yhft ,  fd bl  ekeys esa cqt qxks±
osQ vyx&vyx er gSaA oqQN cqt qxZ vki osQ nkos dks l gh ekurs gSa vkSj oqQN vki osQ i M+ksl h osQ nkos
dks l gh ekurs gSaA rc] , sl h fLFkfr esa vki  D; k djsaxs\  bl  l aca/  esa vki osQ l keus osQoy ; gh fodYi
jg t krk gS fd v i us Hkw[ kaM dh i fj l hekvksa i j v i us nkos dks LFkkfi r djus osQ fy,  vki  , d , sl h
fof/  fudkysa t ks fd l Hkh dks Lohdk; Z gksA mnkgj.k osQ fy, ] v i us nkos dks l gh fl ¼ djus vkSj
v i us i M+ksl h osQ nkos dks xyr fl ¼ djus osQ fy, ] vki  ; fn vko' ; d gqvk rks U; k; ky;  esa] l jdkj
}kjk vuqeksfnr v i us xk¡o osQ l osZ{k.k ekufp=k dk i z; ksx dj l drs gSaA

vkb,  vc ge , d vU;  fLFkfr i j fopkj djsaA eku yhft ,  vki dh ek¡ us vxLr eghus] 2005
oQk ?kj dh fct yh osQ fcy dk Hkqxrku dj fn; k gSA i jUrq fl racj] 2005 osQ fcy esa ; g n' kkZ; k
x; k gS fd vxLr osQ fcy dk Hkqxrku ugha fd; k x; k gSA fct yh foHkkx }kjk fd,  x,  b,  nkos
dks vki  fdl  i zdkj xyr fl ¼ djsaxs\  bl osQ fy,  vki dks Hkqxrku fcy jl hn i zLrqr djuh gksxh]
t ks ; g fl ¼ dj nsxh fd vxLr eghus osQ fcy dk Hkqxrku fd; k t k pqdk gSA
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Åi j osQ mnkgj.kksa l s ; g i rk pyrk gS fd gesa v i us nSfud t hou esa i zk; % ; g fl ¼ djuk
gksrk gS fd veqd dFku ; k nkok l R;  gS ; k vl R; A fi Qj Hkh] , sl s vusd dFku gksrs gSa ft Ugsa fl ¼
fd,  fcuk gh ge Lohdkj dj ysrs gSaA i jUrq] xf.kr esa ge fdl h dFku dks l R;  ; k v l R;  osQoy
rHkh Lohdkj djrs gSa (oqQN vfHkxg̀hrksa dks NksM+dj)  t c xf.kr osQ roZQ osQ vuql kj bl  dFku dks
fl ¼ dj fn; k x; k gksA

oLrqr%] xf.kr esa mi i fÙk; ksa dk v fLrRo gt kjksa o"kks± l s jgk gS vkSj ; s xf.kr dh fdl h Hkh ' kk[ kk
osQ osQanz gksrh gSaA , sl k fo' okl  fd; k t krk gS fd i gyh Kkr mi i fÙk (proof) , d ; wukuh nk' kZfud
vkSj xf.krK FksYl  us i zLrqr dh FkhA ; w¡ rks esl ksi ksVkfe; k] fel z] phu vkSj Hkkjr t Sl h vusd i zkphu
l H; rkvksa esa xf.kr oasQfnzr gS] fi Qj Hkh bl  ckr dk dksbZ Li "V i zek.k ugha feyrk gS fd mUgksaus
mi i fÙk; ksa dk i z; ksx ml  i zdkj fd; k Fkk ft l  i zdkj vkt  ge djrs gSaA

bl  vè; k;  esa] ge ns[ ksaxs fd dFku D; k gksrs gSa] xf.kr esa fdl  i zdkj roZQ fn; k t krk gS vkSj
, d xf.krh;  mi i fÙk esa D; k&D; k vo; o fufgr gksrs gSaA

A1.2 xf. krh;  : i  l s Lohdk; Z dFku

bl  vuqPNsn esa] ge xf.krh;  : i  l s Lohdk; Z dFku (mathematically acceptable statement)
osQ vFkZ dh O; k[ ; k djus dk i z; kl  djsaxsA d̂Fku* og okD;  gS t ks u rks vkns' k l wpd okD;  gksrk
gS vkSj u gh foLe; kfn cks/ d (exclamatry) okD; A fu%l ansg] dFku , d i z' u Hkh ugha gS! mnkgj.k
osQ fy, ]

¶vki osQ ckyksa dk jax D; k gS\ ¸  ; g , d dFku ugha gSA ; g , d i z' u gSA

¶òQi ; k t kb,  vkSj esjs fy,  i kuh ykb, ¸  , d vuqjks/  ; k ,d vkns' k gSA ; g , d dFku ugha gSA

¶fdruk eueksgd l w; kZLr gS!¸  , d foLe; kfn cks/ d fVIi .kh gSA ; g , d dFku ugha gSA

fi Qj Hkh] ¶vki osQ ckyksa dk jax dkyk gŞ , d dFku gSA

l kekU; r%] dFku fuEufyf[ kr i zdkjksa esa l s , d gks l drk gS%

 l nSo l R;  (always true)

 l nSo v l R;  (always false)

 l afnX/  (ambiguous)

; gk¡ ' kCn ¶l afnX/ ¸  dh oqQN O; k[ ; k dj nsuk vko' ; d gSA , sl h nks fLFkfr; k¡ gksrh gSa ft ul s
dFku l afnX/  cu t krk gSA i gyh fLFkfr rks og gksrh gS t cfd ge ; g fu.kZ;  ugha ys i krs fd dFku
l nSo l R;  gS ; k l nSo v l R;  gSA mnkgj.k osQ fy, ] ¶dy xq#okj gŞ l afnX/  gS] D; ksafd l anHkZ esa
bruk oqQN ugha crk; k x; k gS] ft l l s ge ; g fu.kZ;  ys l osaQ fd dFku l R;  gS ; k v l R; A
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l afnX/ rk dh nwl jh fLFkfr rc mRi Uu gksrh gS t c dFku O; fDri jd (subjective) gksrk gSA
vFkkZr~ oqQN O; fDr; ksa osQ fy,  ; g l R;  gksrk gS vkSj vU;  O; fDr; ksa osQ fy,  vl R;  gksrk gSA mnkgj.k
osQ fy, ] ¶oqQÙks cqf¼eku gksrs gSa̧ l afnX/  dFku gS] D; ksafd oqQN yksx bl s l R;  ekurs gSa vkSj oqQN
bl s l R;  ugha ekurs gSaA

mnkgj . k 1 : crkb,  fd fuEu dFkuksa esa dkSu&dkSu l s dFku l nSo l R;  gSa] l nSo v l R;  gSa ; k l afnX/
gSaA v i us mÙkj dh dkj.k l fgr i qf"V dhft , A
(i) , d l Irkg esa vkB fnu gksrs gSaA
(ii) ; gk¡ o"kkZ gks jgh gSA
(iii) i f' pe esa l w; kZLr gksrk gSA
(iv) xkSjh , d n; kyq yM+dh gSA
(v) nks fo"ke i w.kk±dksa dk xq.kui Qy l e gksrk gSA
(vi) nks l e i zkòQr l a[ ; kvksa dk xq.kui Qy l e gksrk gSA

gy  :
(i) dFku l nSo v l R;  gS] D; ksafd , d l Irkg esa 7 fnu gksrs gSaA
(ii) ; g dFku l afnX/  gS] D; ksafd ; g Li "V ugha gS fd ; gk¡ dgk¡ gSA
(iii) dFku l nSo l R;  gSA ge dgha Hkh jgrs gksa] l w; kZLr i f' pe esa gh gksrk gSA
(iv) dFku l afnX/  gS] D; ksafd ; g O; fDri jd gSA oqQN yksxksa osQ fy,  xkSjh n; kyq gks l drh gS vkSj

vU;  yksxksa osQ fy,  ughaA
(v) dFku l nSo v l R;  gSA nks fo"ke i w.kk±dksa dk xq.kui Qy l nSo fo"ke gksrk gSA
(vi) ; g dFku l nSo l R;  gSA fi Qj Hkh bl  ckr dh i qf"V djus osQ fy,  fd ; g l R;  gS] gesa oqQN

vkSj djus dh vko' ; drk gksxhA bl s vuqPNsn A1.4 esa fl ¼ fd; k t k, xkA

t Sl k fd i gys crk; k t k pqdk gS fd v i us nSfud t hou esa ge dFkuksa dh ekU; rk osQ i zfr
v f/ d l ko/ ku ugha jgrsA mnkgj.k osQ fy, ] eku yhft ,  vki dh l gsyh vki dks ; g crkrh gS fd
osQjy osQ euarkoM+h esa t qykbZ osQ eghus esa i zfrfnu o"kkZ gksrh gSA i w.kZ fo' okl  osQ l kFk vki  ml osQ
bl  dFku dks l R;  eku ysaxh] ; | fi  ; g l aHko gS fd t qykbZ osQ eghus esa , d ; k nks fnu o"kkZ u
Hkh gqbZ gks vkSj] ; fn vki  odhy ugha gSa] rks vki  ml l s cgl  ugha djsaxhA

, d vU;  mnkgj.k osQ : i  esa oqQN , sl s dFku yhft , ]
ft Ugsa ge i zk; % , d nwl js l s dgrs jgrs gSa t Sl s ¶vkt  cgqr xehZ
gSA̧ ge , sl s dFkuksa dks l jyrk l s Lohdkj dj ysrs gSa] D; ksafd
ge l anHkZ t kurs gSa] ; | fi  ; s dFku l afnX/  gSaA ¶vkt  cgqr xehZ
gŞ dk vFkZ vyx&vyx yksxksa osQ fy,  vyx&vyx gks l drk
gS] D; ksafd oqQek; w¡ osQ O; fDr osQ fy,  t ks ekSl e cgqr xeZ gksxk]
og pSUubZ osQ O; fDr osQ fy,  xeZ ugha Hkh gks l drk gSA
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i jUrq xf.krh;  dFku l afnX/  ugha gks l drk gSA xf.kr esa dFku osQoy Lohdk; Z ; k ekU;  (valid)
gksrk gS] t cfd og ; k rks l R;  gks ; k v l R;  gksA t c ; g l nSo l R;  gksrk gS] rc ge dgrs gSa fd
; g , d l R;  dFku (true statement) gS vU; Fkk dFku vl R;  gksrk gSA

mnkgj.k osQ fy, ]  5 + 2 = 7  l nSo l R;  gSA vr%  ‘5 + 2 = 7’ , d l R;  dFku gSA
5 + 3 = 7  v l R;  gSA vr% ‘5 + 3 = 7’ , d vl R;  dFku gSA

mnkgj . k 2 : crkb,  fd uhps fn,  x,  dFku l R;  gSa ; k v l R; %

(i) , d f=kHkqt  osQ var%dks.kksa dk ; ksx 180°  gksrk gSA

(ii) 1 l s cM+h i zR; sd fo"ke l a[ ; k vHkkT;  gksrh gSA

(iii) fdl h Hkh okLrfod l a[ ; k  x  osQ fy,   4x + x = 5x gksrk gSA

(iv) i zR; sd okLrfod l a[ ; k  x  osQ fy,   2x > x gksxkA

(v) i zR; sd okLrfod l a[ ; k  x  osQ fy,   x2  x gksxkA

(vi) ; fn ,d prqHkqZt  dh l Hkh Hkqt k, ¡ cjkcj gksa] rks og ,d oxZ gksrk gSA

gy  :
(i) ; g dFku l R;  gSA vki  bl s vè; k;  6 esa fl ¼ dj pqosQ gSaA

(ii) ; g dFku v l R;  gSA mnkgj.k osQ fy,  9 , d vHkkT;  l a[ ; k ugha gSA

(iii) ; g dFku l R;  gSA

(iv) ; g dFku v l R;  gSA mnkgj.k osQ fy, ]  2 × (–1) = –2, vkSj  – 2, –1  l s cM+k ugha gSA

(v) ; g dFku v l R;  gSA mnkgj.k osQ fy, ]  
21 1

2 4
   
 

, vkSj  
1
4

, 
1
2

  l s cM+k ugha gSA

(vi) ; g dFku v l R;  gS_ D; ksafd l eprqHkqZt  dh cjkcj Hkqt k, ¡ rks gksrh gSa] i jUrq ; g vko' ; d ugha
gS fd og , d oxZ gSA

bl  ckr dh vksj vki us vo' ;  è; ku fn; k gksxk fd ; g LFkkfi r djus osQ fy,  fd xf.kr osQ
vuql kj dFku l R;  ugha gS] gesa ,d , sl k mnkgj.k ; k , sl h fLFkfr nsuh gksxh] t gk¡ ; g ykxw ugha gksrkA
vr%  (ii)  esa] D; ksafd 9 vHkkT;  l a[ ; k ugha gS] ; g ,d mnkgj.k gS t ks ; g n' kkZrk gS fd dFku ¶1
l s cM+h i zR; sd fo"ke l a[ ; k vHkkT;  gksrh gŞ] l R;  ugha gSA bl  i zdkj dk mnkgj.k] t ks dFku osQ
vuqowQy u gks] i zR; qnkgj.k (counter example) dgykrk gSA ge vuqPNsn A1.5 esa i zR; qnkgj.kksa i j
foLRkkj l s ppkZ djsaxsA

bl  ckr dh vksj Hkh vki us vo' ;  è; ku fn; k gksxk fd ; | fi  dFku  (iv), (v) vkSj  (vi) v l R;
gSa] fi Qj Hkh bu i j oqQN i zfrca/  yxkdj vki  bUgsa l R;  cuk l drs gSaA
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mnkgj . k 3 : mi ; qDr i zfrca/  yxkdj fuEufyf[ kr dFkuksa dks i qu% bl  i zdkj fyf[ k,  fd os l R;
dFku gks t k, ¡A
(i) i zR; sd okLrfod l a[ ; k  x  osQ fy,   2x > x gksxkA
(ii) i zR; sd okLrfod l a[ ; k x  osQ fy,   x2  x gksxkA
(iii) ; fn vki  , d l a[ ; k dks Lo; a ml h l a[ ; k l s Hkkx nsa] rks vki dks l nSo gh 1 i zkIr gksxkA
(iv) òÙk osQ , d fcanq i j ml dh t hok }kjk varfjr dks.k  90°  dk gksrk gSA
(v) ; fn ,d prqHkqZt  dh l Hkh Hkqt k, ¡ cjkcj gksa] rks og ,d oxZ gksrk gSA

gy  :
(i) ; fn  x > 0 gks,  rks  2x > x gksxkA
(ii) ; fn  x  0 gks  ; k  x  1 gks, rks x2  x gksxkA
(iii) ; fn ' kwU;  osQ vfrfjDr fdl h vU;  l a[ ; k dks Lo; a ml h l a[ ; k l s Hkkx nsa] rks vki dks l nSo

1 i zkIr gksxkA
(iv) òÙk osQ , d fcanq i j òÙk osQ , d O; kl  }kjk varfjr dks.k  90°  dk gksrk gSA
(v) ; fn ,d prqHkqZt  dh l Hkh Hkqt k, ¡ vkSj l Hkh var%dks.k cjkcj gksa] rks og ,d oxZ gksrk gSA

i z' ukoyh A 1.1

1. crkb,  fd fuEufyf[ kr dFku l nSo l R;  gSa] l nSo v l R;  gSa ; k l afnX/  gSaA dkj.k l fgr
v i us mÙkj dh i qf"V dhft , A

(i) , d o"kZ esa 13 eghus gksrs gSaA

(ii) nhokyh ' kqØokj dks i M+ jgh gSA

(iii) exknh esa rki eku  26º C  gSA

(iv) i F̀oh dk , d pUnzek gSA

(v) oqQÙks mM+ l drs gSaA

(vi) i Qjojh esa osQoy 28 fnu gksrs gSaA

2. crkb,  fd fuEufyf[ kr dFku l R;  gSa ; k v l R; A dkj.k l fgr mÙkj nhft , A

(i) , d prqHkqZt  osQ var%dks.kksa dk ; ksx  350° gksrk gSA

(ii) fdl h Hkh okLrfod l a[ ; k  x osQ fy,   x2  0 gSA

(iii) l eprqHkqZt  , d l ekarj prqHkqZt  gksrk gSA

(iv) nks l e l a[ ; kvksa dk ; ksx l e gksrk gSA

(v) nks fo"ke l a[ ; kvksa dk ; ksx fo"ke gksrk gSA
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3. mi ; qDr i zfrca/  yxkdj] fuEufyf[ kr dFkuksa dks bl  i zdkj fyf[ k,  fd os l R;  dFku
cu t k, ¡%

(i) l Hkh vHkkT;  l a[ ; k, ¡ fo"ke gksrh gSaA

(ii) , d okLrfod l a[ ; k dk nqxquk l nk , d l e l a[ ; k gksrh gSA

(iii) fdl h Hkh  x  osQ fy, ]  3x +1 > 4 gksrk gSA

(iv) fdl h Hkh  x osQ fy, ]  x3  0 gksrk gSA

(v) i zR; sd f=kHkqt  esa ekfè; dk , d dks.k l ef}Hkkt d Hkh gksrh gSA

A1.3  fuxefud roZQ. k

, d v l afnX/  (unambiguous) dFku dh l R; rk LFkkfi r djus esa i z; qDr eq[ ;  roZQl axr l k/ u
fuxefud roZQ.k (deductive reasoning) gSA

fuxefud roZQ.k dks l e>us osQ fy, ] vkb,  ge ,d i gsyh l s i zkjaHk djsa ft l s vki dks gy djuk
gSA

eku yhft ,  vki dkss pkj dkMZ fn,  x,  gSaA i zR; sd dkMZ dh , d vksj , d l a[ ; k Ni h gS vkSj
nwl jh vksj , d v{kj Ni k gSA

eku yhft ,  vki dks ; g crk; k t krk gS fd ; s dkMZ fuEufyf[ kr fu; e dk i kyu djrs gSa%

¶; fn dkMZ dh , d vksj , d l e l a[ ; k gks] rks nwl jh vksj , d Loj (vowel)
gksrk gSA̧

fu; e dh l R; rk dh t k¡p djus osQ fy, ] de l s de fdrus dkMks± dks myVus dh vko' ; drk
gksxhA

gk¡] ; g fodYi  rks vki osQ i kl  gS gh fd vki  l Hkh dkMks± dks myV l drs gSa vkSj t k¡p dj
l drs gSaA i jUrq D; k vki  de l a[ ; k esa dkMks± dks myV dj] fn,  gq,  dFku dh t k¡p dj
l drs gSa\

è; ku nhft ,  fd dFku esa ; g crk; k x; k gS fd og dkMZ ft l dh , d vksj l e l a[ ; k gS ml dh
nwl jh vksj , d Loj gksrk gSA bl  dFku esa ; g ugha crk; k x; k gS fd ft l  dkMZ dh , d vksj Loj
gS ml dh nwl jh vksj , d l e l a[ ; k vo' ;  gksuh pkfg, A , sl k gks Hkh l drk gS ; k ugha Hkh gks l drk
gSA fu; e esa ; g Hkh ugha crk; k x; k gS fd og dkMZ ft l osQ , d vksj , d fo"ke l a[ ; k gS] ml osQ
nwl jh vksj O; at u (consonant) gksuk gh pkfg, A ; g gks Hkh l drk gS ; k ugha Hkh gks l drk gSA

A V 6 5
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vr% D; k gesa  ‘A’  dks myVus dh vko' ; drk gksxh\  mÙkj gS% ughaA nwl jh vksj pkgsa , d l e
l a[ ; k gks ; k , d fo"ke l a[ ; k gks] fu; e rc Hkh ykxw gksrk gSA

¶5̧  osQ l aca/  esa vki  D; k dgsaxs\  ; gk¡ Hkh gesa dkMZ myVus dh vko' ; drk ugha gS] D; ksafd
nwl jh vksj pkgs Loj gks ; k O; at u] fu; e rc Hkh ykxw gksrk gSA

i jUrq V vkSj 6 okys dkMks± dks myVus dh vko' ; drk gSA ; fn V dh nwl jh vksj , d l e
l a[ ; k gks] rks fu; e Hkax gks t krk gSA bl h i zdkj] ; fn 6 dh nwl jh vksj , d O; at u gks] rks Hkh fu; e
Hkax gks t krk gSA

bl  i gsyh dks gy djus osQ fy,  geus ft l  i zdkj osQ roZQ.k dk i z; ksx fd; k gS] ml s fuxefud
roZQ. k (deductive reasoning) dgk t krk gSA bl s f̂uxefud* bl fy,  dgk t krk gS] D; ksafd
roZQ dk i z; ksx djosQ i gys LFkkfi r fd,  x,  dFku l s ge , d i fj.kke ; k dFku i zkIr (vFkkZr~
fuxfer)  dj l drs gSaA mnkgj.k osQ fy,  Åi j dh i gsyh esa] fuxfer fd,  x,  vusd rdks± l s geus
; g fuxfer ( i zkIr)  fd; k fd osQoy   V vkSj  6 dks gh myVus dh vko' ; drk gSA

fuxefud roZQ.k dh l gk; rk l s] ge ; g Hkh fu"d"kZ fudky l drs gSa fd veqd dFku l R;
gS] D; ksafd ; g , d vfr O; ki d dFku dh] ft l s l R;  ekuk x; k gS] , d fof' k"V fLFkfr gSA mnkgj.k
osQ fy, ] , d ckj t c ge ; g fl ¼ dj ysrs gSa fd nks fo"ke l a[ ; kvksa dk xq.kui Qy l nSo gh fo"ke
gksrk gS] rc (fcuk v fHkdyu osQ) ge rqjar ; g fu"d"kZ fudky l drs gSa fd 70001 × 134563
fo"ke gksxk] D; ksafd   70001 vkSj  134563 nksuksa l a[ ; k, ¡ gh fo"ke gSaA

' krkfCn; ksa l s fuxefud roZQ.k ekuo p̄ru dk , d vax jgk gS vkSj bl dk i z; ksx gekjs nSfud
t hou esa l nk gksrk jgrk gSA mnkgj.k osQ fy, ] eku yhft ,  ; s dFku fd ¶i q"i  l ksykfjl  osQoy rc
f[ kyrk gS] t cfd fi Nys fnu dk v f/ dre rki eku 28°C  l s v f/ d gksrk gS ¶vkSj¸  15 fl racj]
2005 dks dkYi fud ?kkVh (imaginary valley) esa l ksykfjl  f[ kyk Fkk] l R;  gSA rc fuxefud
roZQ.k dk i z; ksx djosQ] ge ; g fu"d"kZ fudky l drs gSa fd dkYi fud ?kkVh esa 14 fl racj] 2005
dks vf/ dre rki eku  28° C l s v f/ d FkkA

gekjk nqHkkZX;  ; g gS fd ge v i us nSfud t hou esa l gh roZQ.k dk i z; ksx l nk ugha djrsA ge
i zk; % l nks"k(xyr) roZQ.k osQ vk/ kj i j vusd fu"d"kZ fudky ysrs gSaA mnkgj.k osQ fy, ] ; fn
vki dh l gsyh , d fnu vki dks ns[ kdj eqLdjkrh ugha gS] rc vki  ; g fu"d"kZ fudky ysrs gSa fd
og vki l s ukjkt  gSA ; | fi  ; g l R;  Hkh gks l drk gS fd ¶; fn og eq>l s ukjkt  gS] rks eq>s ns[ kdj
og ugha eqLdjk, xḩ_ i jUrq ; g Hkh l R;  gks l drk gS fd ¶; fn ml osQ fl j esa cgqr nnZ gks] rks og
eq>s ns[ kdj ugha eqLdjk,xh**A vki  oqQN fu"d"kks± dh t k¡p D; ksa ugha dj ysrs t ks fd vki  i zfrfnu
fudkyrs jgrs gSa vkSj ns[ ksa fd ; s fu"d"kZ ekU;  roZQ.k i j vk/ kfjr gSa ; k l nks"k roZQ.k i j
vk/ kfjr gaS\
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i z' ukoyh A 1.2

1. fuxefud roZQ.k }kjk fuEufyf[ kr i z' uksa osQ mÙkj nhft , %

(i) ekuo Lru/ kjh gksrs gSaA l Hkh Lru/ kjh d' ks#dksa (vertebrates) gksrs gSaA bu nks dFkuksa
osQ vk/ kj i j vki  ekuo osQ l aca/  esa D; k fu"d"kZ fudky l drs gSa\

(ii) , aFkuh ,d ukbZ gSA fnus' k us v i us cky dVok,  gSaA D; k vki  ; g fu"d"kZ fudky l drs
gSa fd , aFkuh us fnus' k osQ cky dkVs gSa\

(iii) ek£V; u (Martians) dh t hHk yky gksrh gSaA xqyx , d ek£V; u gSA bu nks dFkuksa osQ
vk/ kj i j vki  xqyx osQ ckjs esa D; k fu"d"kZ fudky l drs gSa\

(iv) ; fn fdl h fnu pkj ?kaVs l s v f/ d l e;  rd o"kkZ gksrh gS] rks vxys fnu xVjksa dh
l i QkbZ djuh i M+rh gSA vkt  6 ?kaVs rd o"kkZ gqbZ gSA dy xVj dh voLFkk D; k gksxh]
bl osQ ckjs esa vki  D; k fu"d"kZ fudky l drs gSa\

(v) uhps osQ dkVwZu esa fn,  x,  xk;  osQ roZQ esa D; k fojks/ kHkkl  (fallacy) gS\

2. vki dks fi Qj l s pkj dkMZ fn,  x,  gSaA i zR; sd dkMZ osQ , d vksj , d l a[ ; k vkSj nwl jh vksj
, d v{kj Ni k gSA uhps fn; k x; k fu; e ykxw gksrk gS ; k ugha] bl dh t k¡p djus osQ fy, ]
os dkSu&l s nks dkMZ gksaxs ft Ugsa myVus dh vko' ; drk gksxh\

¶; fn , d dkMZ dh , d vksj , d O; at u gks] rks ml dh nwl jh vksj , d fo"ke l a[ ; k
gksrh gSA̧
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A1.4 i zes; ] dat sDpj  v kSj  v fHkxg̀hr

vHkh rd geus oqQN dFkuksa i j ppkZ dh gS vkSj ns[ kk gS fd bu dFkuksa dh ekU; rk dh t k¡p fdl
i zdkj dh t krh gSA bl  vuqPNsn esa] vki  mu rhu vyx&vyx i zdkj osQ dFkuksa esa Hksn djus osQ
ckjs esa vè; ; u djasxs ft ul s xf.kr dk fuekZ.k gqvk gSA ; s gSa% i zes; ] dat sDpj (conjecture) vkSj
vfHkxg̀hrA

vki  i gys Hkh vusd i zes; ksa dks ns[ k pqosQ gSaA vr% i zes;  D; k gS\  ml  xf.krh;  dFku dks ft l dh

l R; rk LFkkfi r ( fl ¼)  dj nh xbZ gS] i zes;  (theorem) dgk t krk gSA mnkgj.k osQ fy, ] uhps fn,

x,  dFku i zes;  gSa] t Sl k fd vki  vuqPNsn A1-5 esa ns[ ksaxsA

i zes;  A 1.1 : , d f=kHkqt  osQ var%dks.k dk ; ksx 180º  gksrk gSA

i zes;  A 1.2 : nks i zkòQr l a[ ; kvksa dk xq.kui Qy l e gksrk gSA

i zes; A 1.3 : fdUgha Hkh rhu Øekxr l e i zkòQr l a[ ; kvksa dk xq.kui Qy 16 l s HkkT;

gksrk gSA

dat sDpj og dFku gS] ft l s ge v i us xf.krh;  Kku vkSj vuqHko vFkkZr~ xf.krh;  varZKku

(intuition) osQ vk/ kj i j l R;  ekurs gSaA dat sDpj l R;  ; k v l R;  gks l drk gSA l kFk gh] ; fn ge

bl s fl ¼ Hkh dj l osaQ] rks ; g , d i zes;  gks t krk gSA i zfr: i ksa dks ns[ kus vkSj cqf¼erki w.kZ xf.krh;

vuqeku yxkus osQ fy, ] xf.krK i zk; % dat sDpj dk i z; ksx djrs gSaA vkb,  ge oqQN i zfr: i  ysa vkSj

ns[ ksa fd ge fdl  i zdkj dk cqf¼rki w.kZ vuqeku yxk l drs gSaA

mnkgj . k 4 : dksbZ Hkh rhu Øekxr l e l a[ ; k, ¡ yhft ,  vkSj mUgsa t ksfM+, ] t Sl sµ

2 + 4 + 6 = 12, 4 + 6 + 8 = 18, 6 + 8 + 10 = 24, 8 +10 + 12 = 30, 20 + 22 +  24 = 66

vkfnA D; k vki  bu ; ksxi Qyksa l s fdl h i zfr: i  dk vuqeku yxk l drs gSa\  buds ckjs esa vki  D; k

dt sDpj ns l drs gSa\

gy  : , d dat sDpj ; g gks l drk gS%

(i) rhu Øekxr l e l a[ ; kvksa dk ; ksx l e gksrk gSA

vU;  dat sDpj ; g gks l drk gS%

(ii) rhu Øekxr l e l a[ ; kvksa dk ; ksx 6 l s foHkkT;  gksrk gSA
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mnkgj . k 5 : l a[ ; kvksa dk fuEu i zfr: i  yhft ,  ft l s i kLdy&f=kHkqt  dgk t krk gS%

i afDr     l a[ ; kv ksa dk ; ksx

1                                            1                                                    1
2 1 1             2
3      1      2       1             4
4 1 3 3 1             8
5       1       4         6          4        1           16
6 1 5        10 10 5 1           32
7 : :             :
8 : :             :

i afDr; ksa 7 vkSj 8 dh l a[ ; kvksa osQ ; ksxi Qyksa osQ fy,  dat sDpj vki  D; k ns l drs gSa\  i afDr 21
dh l a[ ; kvksa osQ ckjs esa vki  D; k dgsaxs\  D; k vki  , d i zfr: i  ns[ k jgs gSa\  i afDr  n  dh l a[ ; kvksa
osQ ; ksx osQ ,d l w=k osQ ckjs esa vuqeku yxkb, A

gy  : i afDr 7 dh l a[ ; kvksa dk ; ksx = 2 × 32 = 64 = 26 gSA

i afDr 8 dh l a[ ; kvksa dk ; ksx = 2 × 64 = 128 = 27 gSA
i afDr 21 dh l a[ ; kvksa dk ; ksx = 220 gSA

i afDr   n  dh l a[ ; kvksa dk ; ksx = 2n –1 gSA

mnkgj . k 6 : rFkkdfFkr f=kHkqt h;  l a[ ; k, ¡  Tn  yhft , %

v koQ̀fr  A  1.1

fcanqvksa dk foU; kl  bl  i zdkj fd; k x; k gS fd bul s , d f=kHkqt  curk gSA ; gk¡  T1 = 1,
T2 = 3, T3 = 6, T4 = 10, vkfn&vkfnA D; k vki  vuqeku yxk l drs gSa fd   T5  D; k gS\
T6  osQ ckjs esa vki  D; k dg l drs gSa\   Tn  osQ ckjs esa vki  D; k dg l drs gSa\

Tn  dk , d dat sDpj nhft , A

T1 T2 T3 T4
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; fn vki  bUgsa uhps nh xbZ fof/  l s i qu% [ khapas] rks bl l s vki dks l gk; rk fey l drh gS%

v koQ̀fr  A 1.2

gy  : T5 = 1 + 2 + 3 + 4 + 5 = 15 = 
5 6

2


T6 = 1 + 2 + 3 + 4 + 5 + 6 = 21 = 
6 7

2


Tn =
( 1)
2

n n 

dat sDpj dk , d vuqowQy mnkgj.k t ks fd vHkh Hkh [ kqyk gqvk gS (vFkkZr~ vHkh rd fl ¼ ugha
fd; k x; k gS fd ; g l R;  gS ; k v l R; ) ] xf.krK fØf' p; u xksYMckd (1690&1764)  osQ uke
i j j[ kk x; k xksYMckd dat sDpj gSA bl  dat sDpj dk dFku ; g gS% ¶4 l s cM+s i zR; sd l e i w.kk±d
dks nks fo"ke vHkkT;  l a[ ; kvksa osQ ; ksx osQ : i  esa O; Dr fd; k t k l drk gSA̧ ; fn vki  ; g fl ¼
dj ysaxs fd ; g i fj.kke l R;  gS ; k v l R;  rks vki  i zfl ¼ gks t k, ¡xsA

; g ns[ kdj vki dks vo' ;  vk' p; Z gqvk gksxk fd xf.kr esa gekjs l keus t ks oqQN Hkh vkrk gS]
D; k ml s fl ¼ djuk vko' ; d gS] vkSj ; fn ugha] rks D; ksa ugha\

okLrfodrk rks ; g gS fd xf.kr dk i zR; sd {ks=k oqQN dFkuksa i j vk/ kfjr gksrk gS* ft Ugsa ge
l R;  eku ysrs gSa vkSj mUgsa fl ¼ ugha djrsA ; s ¶Lo&i zekf.kr l R; ¸  gSa ft Ugsa ge fcuk mi i fÙk osQ

T1 T2 T3 T4
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l R;  eku ysrs gSaA bu dFkuksa dks vfHkxg̀hr (axioms) dgk t krk gSA vè; k;  5 esa vki  ; wfDyM osQ
vfHkxg̀hrksa vkSj v fHk/ kj.kkvksa (postulates) dk vè; ; u dj pqosQ gSa (vkt dy v fHkxg̀hrksa vkSj
v fHk/ kj.kkvksa osQ chp dksbZ Hksn ugha j[ kk t krk gS)A

mnkgj.k osQ fy,  ; qfDyM dh i gyh v fHk/ kj.kk gS%

fdl h , d fcanq l s fdl h vU;  fcanq rd , d l jy js[ kk [ khaph t k l drh gSA
vkSj mudh rhl jh v fHk/ kj.kk gS%

dksbZ Hkh osQanz vkSj dksbZ Hkh f=kT; k ysdj , d òÙk [ khapk t k l drk gSA

; s dFku i w.kZr% l R;  fn[ kkbZ i M+rs gSa vkSj ; wfDyM us bUgsa l R;  eku fy; k FkkA D; ksa\

mUgksaus bl s l R;  bl fy,  eku fy; k Fkk] D; ksafd ge i zR; sd rF;  dks fl ¼ ugha dj l drs vkSj
gesa dgha u dgha l s i zkjaHk rks djuk gh i M+rk gSA bl osQ fy, ] gesa oqqqQN dFkuksa dh vko' ; drk gksrh
gS] ft Ugsa ge l R;  eku ysrs gSa vkSj fi Qj bu v fHkxg̀hrksa i j vkèkkfjr roZQ osQ fu; eksa dk i z; ksx djosQ
ge v i us Kku dk fuekZ.k dj l drs gSaA

vki dks ; g t kudj vk' p; Z gks l drk gS fd rc  ge mu l Hkh dFkuksa dks Lohdkj D; ksa ugha
dj ysrs t ks Lo&i zekf.kr i zrhr gksrs gSaA bl osQ vusd dkj.k gSaA i zk; % gekjk varZKku xyr fl ¼ gks
l drk gS_ fp=k ; k i zfr: i  gesa / ks[ kk ns l drs gSa vkSj fi Qj gekjs l keus osQoy , d gh fodYi  cp
t krk gS fd fn,  gq,  rF;  dks fl ¼ djsaA mnkgj.k osQ fy, ] geeas l s vusd O; fDr ; g fo' okl  djrs
gSa fd ; fn , d l a[ ; k dks , d vU;  l a[ ; k l s xq.kk djsa] rks i zkIr i fj.kke nksuksa l a[ ; kvksa l s cM+k
gksxkA i jUrq ge ; g t kurs gSa fd ; g l nSo l R;  ugha gksrk gSA mnkgj.k osQ fy, ]  5 × 0.2 = 1 gS]
t ks fd 5 l s de gSA

vc vki  uhps nh xbZ vkòQfr nsf[ k, A dkSu l k js[ kk[ kaM vf/ d yack gS]  AB ; k CD?

v koQ̀fr  A 1.3

nksuksa gh js[ kk[ kaM Bhd&Bhd l eku yackbZ osQ gSa] ; | fi   AB NksVk fn[ kkbZ i M+rk gSA

rc vki  v fHkxg̀hrksa dh ekU; rk osQ l aca/  esa vk' p; Z dj l drs gSaA vki us varZKku osQ vk/ kj
i j os v fHkxg̀hr fy,  x,  gSa t ks Lo&i zekf.kr fn[ kkbZ i M+rs gSaA fi Qj Hkh l aHko gS fd ckn esa pydj
gesa i rk py l drk gS fd veqd v fHkxg̀hr l R;  ugha gSA bl  l aHkkouk l s fdl  i zdkj cpko fd; k
t k, \  bl osQ fy,  ge fuEufyf[ kr pj.k v i ukrs gSa\

(i) vfHkxg̀hrksa dh l a[ ; k de l s de jf[ k, A mnkgj.k osQ fy, ] ; wfDyM osQ osQoy v fHkxg̀hrksa
vkSj 5 v fHk/ kj.kkvksa osQ vk/ kj i j ge l SdM+ksa i fj.kke O; qRi Uu dj l drs gSaA
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(ii) l qfuf' pr gks t kb,  fd v fHkxg̀hr l axr (v fojks/ h)  (consistent) gSA

ge v fHkxg̀hrksa osQ l axzg dks v l axr (inconsistent) rc dgrs gSa t cfd ge budk i z; ksx
djrs gq, ] ; g fl ¼ dj ysa fd buesa l s , d v fHkxg̀hr l R;  ugha gSA mnkgj.k osQ fy, ]
fuEufyf[ kr nks dFku yhft ,A ; gk¡ ge ; g fn[ kk, ¡xs fd ; s dFku v l axr gSaA

dFku 1 % dksbZ Hkh i w.kZ l a[ ; k v i uh i jorhZ l a[ ; k osQ cjkcj ugha gksrhA
dFku 2 % , d i w.kZ l a[ ; k dks ' kwU;  l s Hkkx nsus i j , d i w.kZ l a[ ; k i zkIr gksrh gSA

(Lej.k jgs fd ' kwU;  l s fn; k x; k Hkkx i fjHkkf"kr  ugha gSA)  i jUrq] , d {k.k osQ fy,
; g eku yhft ,  fd , sl k l aHko gS vkSj fi Qj ns[ krs gSa fd D; k gksrk gSA)

dFku 2 l s gesa  
1
0  = a   i zkIr gksrk gS] t gk¡  a  , d i w.kZ l a[ ; k gSA bl l s ; g i rk pyrk

gS fd  1 = 0 gSA i jUrq dFku 1 dks] t ks dgrk gS fd dksbZ Hkh i w.kZ l a[ ; k v i uh i jorhZ
i w.kZ l a[ ; k osQ cjkcj ugha gksrh] ; g v l R;  fl ¼ dj nsrk gSA

(iii) dHkh u dHkh , d v l R;  v fHkxg̀hr osQ dkj.k var£ojks/  vo' ;  gksxkA ge var£ojks/  rc
ekurs gSa t cfd gesa , d , sl k dFku i zkIr gksrk gS] ft l l s fd dFku vkSj ml dk fu"ks/
(negation) nksuksa gh l R;  gks t k, ¡A mnkgj.k osQ fy, ] Åi j fn,  x,  dFku 1 vkSj dFku
2 dks i qu% yhft , A
dFku 1 l s ge ; g i fj.kke O; qRi Uu dj l drs gSa fd 2  1 gSA

vc vki   x2 – x2  yhft ,A bl dk xq.ku[ kaMu ge nks fof/ ; ksa l s dj l drs gSa%

(i) x2 – x2 = x(x – x) vkSj

(ii) x2 – x2 = (x + x)(x – x)
vr%]  x(x – x) = (x + x)(x – x) gqvkA

dFku 2 osQ vuql kj] ge nksuksa i {kksa l s  (x – x) dkV l drs gSaA
rc gesa  x = 2x  i zkIr gksrk gS] ft l l s ; g i rk pyrk gS fd   2 = 1 gSA

vr% dFku 2  1 vkSj bl dk fu"ks/  2 = 1 nksuksa gh l R;  gSaA ; g , d var£ojks/  gSA ; g var£ojks/
v l R;  v fHkxg̀hr osQ dkj.k gS] t ksfd ; g gS fd , d i w.kZ l a[ ; k dks 0 l s Hkkx nsus i j , d i w.kZ l a[ ; k
i zkIr gksrh gSA

vr%] ge ft u dFkuksa dks vfHkxg̀hr ekurs gSa] ml osQ fy,  cgqr l ksp&fopkj vkSj varǹZf"V dh
vko' ; drk gksrh gSA bl  l aca/  esa gesa ; g vo' ;  l qfuf' pr dj ysuk pkfg,  fd bul s dksbZ v l axrrk
; k roZQl axr var£ojks/  u gks] fi Qj Hkh] dHkh&dHkh v fHkxg̀hrksa ; k v fHk/ kj.kksa osQ p; u l s oqQN u,
rF; ksa dk i rk yxrk gSA vè; k;  5 l s vki  ; wfDyM osQ i k¡poha v fHk/ kj.kk vkSj v ; wfDyMh;
T; kfefr; ksa osQ vkfo"dkj l s vki  i fjfpr gSaA ogk¡ vki us ; g ns[ kk gS fd xf.krKksa dk ; g fo' okl
Fkk fd i k¡poha v fHk/ kj.kk dks ,d v fHk/ kj.kk ysus dh vko' ; drk ugha gS vkSj okLro esa ; g , d
i zes;  gS] ft l s i gyh pkj vfHk/ kj.kkvksa dh l gk; rk l s fl ¼ fd; k t k l drk gSA vk' p; Z gS fd bu
dk; ks± l s v ; wfDyMh;  T; kfefr; ksa dk vkfo"dkj gks x; kA
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v fHkxg̀hr] i zes;  vkSj dat sDpj osQ chp osQ varjksa dks crkrs gq, ] ge bl  vuqPNsn dks ; gha l ekIr
djrs gSaA v fHkxg̀hr  , d xf.krh;  dFku gS ft l s fcuk mi i fÙk osQ l R;  eku fy; k t krk gSA dat sDpj
, d xf.krh;  dFku gS ft l dh l R; rk ; k v l R; rk dks vHkh LFkkfi r djuk ' ks"k gS] vkSj i zes;  , d
xf.krh;  dFku gS ft l dh l R; rk rk£dd : i  l s LFkkfi r dh xbZ gSA

i z' ukoyh A 1.3

1. dksbZ Hkh rhu Øekxr l e l a[ ; k, ¡ yhft ,  vkSj mudk xq.kui Qy Kkr dhft , % mnkgj.k osQ
fy, ]   2 × 4 × 6 = 48, 4 × 6 ×  8 = 192,  vkfn vkfnA bu xq.kui Qyksa osQ rhu dat sDpj cukb,A

2. i kLdy&f=kHkqt  i j vk t kb, A

i afDr  1 : 1 = 110

i afDr   2 :  1  1 = 111

i afDr   3 : 1  2  1 = 112

i afDr 4 vkSj i afDr 5 osQ fy,  , d&,d dat sDpj cukb, A D; k vki dk dat sDpj l R;  gS\
D; k vki dk dat sDpj i afDr 6 i j Hkh ykxw gksrk gS\

3. vkb,  ge f=kHkqt h;  l a[ ; kvksa dks i qu% ns[ ksa (vkòQfr A1-2)  nks Øekxr l a[ ; kvksa dks
t ksfM+, A mnkgj.k osQ fy, ]  T1 + T2 = 4, T2 + T3 = 9, T3+ T4 = 16 gSA

T4 + T5  osQ ckjs esa vki dk D; k dguk gS\   Tn–1 +Tn  dk , d dat sDpj cukb, A

4. fuEufyf[ kr i zfr: i  nsf[ k, %
12 = 1
112 = 121
1112 = 12321
11112 = 1234321
111112 = 123454321

fuEufyf[ kr esa l s i zR; sd dk , d dat sDpj cukb, %
1111112 =
11111112 =

t k¡p dhft ,  fd vki dk dat sDpj l R;  gS ; k ughaA
5. bl  i qLrd esa i z; qDr i k¡p v fHkxg̀hr (v fHk/ kj.kk, ¡)  crkb, A

A1.5 xf. krh;  mi i fÙk D; k gS\

vkb,  ge mi i fÙk; ksa osQ fofHkUu i gyqvksa i j fopkj djsaA l cl s i gys ge l R; ki u (verification)
vkSj mi i fÙk (proof) osQ chp osQ varj dks l e>saxsA xf.kr esa mi i fÙk; ksa dk vè; ; u djus l s i gys]
vki l s dFkuksa dks l R; kfi r djus osQ fy,  dgk t krk gSA
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mnkgj.k osQ fy, ] mnkgj.kksa osQ l kFk ; g l R; kfi r djus osQ fy,  dgk t k l drk gS fd ¶nks l e
l a[ ; kvksa dk xq.kui Qy l e gksrk gŞA vr% bl osQ fy,  vki  ; ǹPN; k nks l e l a[ ; k ys l drs gSaA eku
yhft ,  os l a[ ; k, ¡ 24 vkSj 2006 yh t k l drh gSa vkSj t k¡p dh t k l drh gSa fd 24 × 2006 = 48144
, d l e l a[ ; k gSA bl  rjg osQ vkSj mnkgj.k ysdj Hkh vki  ; g fØ; k dj l drs gSaA

vki dks d{kk esa vusd f=kHkqt  [ khapus vkSj buosQ var%dks.kksa dk ; ksx vfHkdfyr djus osQ fy,  dgk
t k l drk gSA eki u esa =kqfV; k¡ u gksus i j f=kHkqt  osQ var%dks.kksa dk ; ksx 180°  gksrk gSA

bl  fof/  esa =kqfV (flaw) D; k gS\  , sl h vusd l eL; k, ¡ gSa] ft udk l R; ki u djuk gSA bl dh
l gk; rk l s vki  ; g rks dg l drs gSa fd ft l  dFku dks vki  l gh ekurs gSa og l R;  gS] i jUrq vki
bl  ckr l s l qfuf' pr ugha gks l drs fd ; g l Hkh fLFkfr; ksa osQ fy,  l R;  gSA mnkgj.k osQ fy, ] l e
l a[ ; kvksa osQ vusd ; qXeksa osQ xq.ku l s vki  ; g vuqeku rks yxk l drs gSa fd nks l e l a[ ; kvksa dk
xq.kui Qy l e gksrk gSA fi Qj Hkh] vki  l qfuf' pr ugha gks i krs fd l e l a[ ; kvksa osQ l Hkh ; qXeksa dk
xq.kui Qy l e gSA vki  O; fDrxr : i  l s l e l a[ ; kvksa osQ l Hkh ; qXeksa osQ xq.kui Qyksa dh t k¡p ugha
dj l drsA ; fn , sl k vki  dj i krs rks dkVwZu esa fn[ kkbZ xbZ yM+dh dh Hkk¡fr v i us ' ks"k t hou esa
l e l a[ ; kvksa osQ xq.kui Qyksa dk i fjdyu djrs gh jgrsA bl h i zdkj] oqQN ,sl s Hkh f=kHkqt  gks l drs
gSa ft Ugsa vHkh rd vki us ugha cuk; k gS vkSj ft uosQ var%dks.kksa dk ; ksx 180°  ugha gSA ge l Hkh l aHko
f=kHkqt ksa osQ var%dks.kksa dks ugha eki  l drsA

8 o"kZ dh v k; q i j 16 o"kZ dh v k; q i j

36 o"kZ dh v k; q i j 86 o"kZ dh v k; q i j

] l e ] l e

] l e ] l e
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i zk; % l R; ki u Hkh Hkzked gks l drs gSaA mnkgj.k osQ fy, ] i gys fd,  x,  l R; ki uksa osQ vk/ kj
i j i kLdy&f=kHkqt  ( i z' ukoyh A1.3 dk i z' u 2)  l s ge ; g fu"d"kZ fudky l drs gSa fd
115 = 15101051 gSA i jUrq okLro esa 115 =161051 gSA

vr% vki dks , d vU;  fof/  l s l kspuk gksxk t ks fd osQoy dqN fLFkfr; ksa ds l R; ki u i j gh
fuHkZj u gksA , d vU;  fof/  gS ft l esa dFku dks fl ¼ djds fn[ kk; k t krk gSA og i zØe] t ks osQoy
roZQl axr rdks± osQ vk/ kj i j xf.krh;  dFku dh l R; rk LFkkfi r dj l drk gS ml s xf.krh;  mi i fÙk
(mathematical proof ) dgk t krk gSA

vuqPNsn A1.2 osQ mnkgj.k 2 esa] vki us ; g ns[ kk gS fd xf.krh;  dFku dks v l R;  LFkkfi r djus
osQ fy,  , d i zR; qnkgj.k i zkIr dj ysuk gh i ; kZIr gSA vr%] ; | fi  gt kjksa fLFkfr; k¡ ysdj , d xf.krh;
dFku dh t k¡p djosQ vFkok l R; ki u djosQ bl dh ekU; rk LFkkfi r djuk i ; kZIr ugha gksrkA fi Qj
Hkh] bl osQ fy,  , d , sl k i zR; qnkgj.k i zkIr dj nsuk gh i ; kZIr gksrk gS t ks dFku dks v l R;  fl ¼ dj
nsrk gS (vFkkZr~ ; g fn[ kkuk fd oqQN v l R;  gS)A bl  ckr i j fo' ks"k è; ku nsus dh vko' ; drk gSA

xf.krh;  dFku dks v l R;  n' kkZus osQ fy,  , d i zR; qnkgj.k Kkr dj ysuk gh i ; kZIr gksrk gSA

vr%] 7 + 5 = 12 dFku nks fo"ke l a[ ; kvksa dk ; ksx fo"ke gksrk gS] dk , d i zR; qnkgj.k gSA

vkb,  vc ge , d mi i fÙk osQ vk/ kjHkwr vo; oksa dh l wph ns[ ksa%

(i) , d i zes;  dks fl ¼ djus osQ fy, ] gesa bl  ckr dk , d LFkwy fopkj (rough idea) gksuk
pkfg,  fd ; g i zfØ; k fdl  i zdkj dh t krh gSA

(ii) i zes;  esa i gys l s nh xbZ l wpukvksa (vFkkZr~ i fjdYi uk) dks vPNh rjg l s l e> ysuk pkfg,
vkSj i z; ksx djuk pkfg, A

yM+fd; k¡ i sM+
i j ugha p<+rha

    
    

    
    

 @
KTBS 

NOT TO BE R
EPUBLIS

HED



xf.kr esa mi i fÙk; k¡ 113

mnkgj.k osQ fy, ] i zes;  A1.2 esa] t ks ; g gS fd nks l e l a[ ; kvksa dk xq.kui Qy l e
gksrk gS] gesa nks l e i zkÑr l a[ ; k, ¡ nh gqbZ gSaA vr% gesa buosQ xq.kksa dk i z; ksx djuk pkfg, A
(vè; k;  2 osQ) xq.ku[ kaM i zes;  esa , d cgqi n  p(x) fn; k x; k gS vkSj crk; k x; k gS fd
p(a) = 0 dk ; g n' kkZus osQ fy,  vki dks i z; ksx djuk gS fd  (x – a),  p(x) dk , d
xq.ku[ kaM gSA bl h i zdkj] xq.ku[ kaM i zes;  osQ foykse (converse) osQ fy,  ; g fn; k x; k
gS fd   (x – a),  p(x) dk , d xq.ku[ kaM gS vkSj bl dk i z; ksx vki dks bl  i fjdYi uk
(hypothesis) dks fl ¼ djus osQ fy,  djuk gS fd   p(a) =0 gSA

, d i zes;  dks fl ¼ djus osQ i zØe esa] vki  jpukvksa dk Hkh i z; ksx dj l drs gSaA
mnkgj.k osQ fy, ] ; g fl ¼ djus osQ fy,  fd ,d f=kHkqt  osQ dks.kksa dk ; ksx 180°  gksrk
gS] ge fdl h , d Hkqt k osQ l ekarj vkSj ml  Hkqt k osQ l Eeq[ k ' kh"kZ l s gksdj t kus okyh
, d js[ kk [ khaprs gSa vkSj l ekarj js[ kkvksa osQ xq.kksa dk i z; ksx djrs gSaA

(iii) mi i fÙk esa xf.krh;  dFkuksa dk ,d mÙkjksÙkj (successive) vuqØe gksrk gSA mi i fÙk dk
i zR; sd dFku mi i fÙk osQ fi Nys dFku l s] i gys fl ¼ fd,  x,  i zes;  l s] , d v fHkxg̀hr
l s ; k v i uh i fjdYi ukvksa l s rk£dd : i  l s fuxfer gks t krk gSA

(iv) , d rk£dd : i  l s l gh Øe esa foU; kfl r xf.krh;  : i  l s l R;  dFkuksa osQ vuqØe dk
fu"d"kZ ogh gksuk pkfg,  ft l s ge fl ¼ djuk pkgrs gSa] vFkkZr~ ; g og gksuk pkfg,  ft l dk
i zes;  esa nkok fd; k x; k gSA

bu vo; oksa dks l e>us osQ fy, ] ge i zes;  A1.1 vkSj ml dh mi i fÙk dk fo' ys"k.k djsaxsA vki
vè; k;  6 esa bl  i zes;  dks i <+ pqosQ gSaA i jUrq i gys ge T; kfefr dh mi i fÙk; ksa osQ l aca/  esa oqqQN
fVIi .kh nsaxsA i zk; % ge i zes; ksa dks fl ¼ djus osQ fy,  vkÑfr; ksa ; k vkjs[ kksa dh l gk; rk ysrs gSa vkSj
; g , d v fr egRoi w.kZ ckr gSA fi Qj Hkh] mi i fÙk osQ i zR; sd dFku dks osQoy roZQ dh l gk; rk l s
LFkkfi r djuk gksrk gSA i zk; % geus fo| k£Fk; ksa dks ; g dgrs l quk gS fd ¶os nks dks.k cjkcj gSa] D; ksafd
vkÑfr esa os cjkcj fn[ kkbZ i M+rs gSa̧ ; k ¶og dks.k 90º  dk gksxk] D; ksafd nks js[ kk,a¡ , sl h fn[ kkbZ i M+rh
gSa t Sl s os , d&nwl js i j yac gaSA̧ vr%] t ks oqQN Hkh vki  ns[ krs gSa] ml l s / ks[ kk u [ kk t kb, A
vkòQfr A1.4 dks i qu% è; ku l s nsf[ k, A

vr% vkb,  vc ge i zes;  A1.1 ysaA

i zes;  A1.1 : , d f=kHkqt  osQ var%dks.kksa dk ; ksxi Qy 180°  gksrk gSA

mi i fÙk : f=kHkqt   ABC yhft ,  (nsf[ k,  vkòQfr A1.4)

gesa ; g fl ¼ djuk gS fd   ABC +  BCA +  CAB = 180° (1)
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v koQ̀fr  A1.4

BC osQ l ekarj , d js[ kk  DE  [ khafp,  t ks  A  l s gksdj t krh gSA (2)

DE, BC  osQ l ekarj gS vkSj  AB , d fr; Zd js[ kk (transversal) gSA

vr%]  DAB vkSj   ABC  , dkarj dks.k gSaA bl fy,  vè; k;  6 osQ i zes;  6-2 osQ vuql kj] ; s dks.k
cjkcj gSaA vFkkZr~  DAB =  ABC gSA (3)

bl h i zdkj]   CAE =  ACB (4)

bl fy, ]   ABC +  BAC+  ACB =  DAB + BAC +  CAE (5)

i jUrq   DAB + BAC +  CAE = 180° gS, D; ksafd bul s , d ½t q dks.k (straight
angle) curk gSA (6)

vr%]   ABC +  BAC+  ACB = 180° (7)

vc ge mi i fÙk esa i z; qDr i zR; sd pj.k i j fVIi .kh nsaxsA

pj . k 1 : D; ksafd gekjs i zes;  dk l aca/  f=kHkqt  osQ , d xq.k l s gS] bl fy,  l cl s i gys ge , d f=kHkqt
ysaxsA

pj . k 2 : ; g , d eq[ ;  fopkj gS&varZKkukREd i zkjafHkd dne ; k ; g l e> ysuk fd dkSu l h i zfØ; k
v i ukbZ t k,  ft l l s ge i zes;  fl ¼ dj l osaQA i zk; % T; kferh;  mi i fÙk; ksa esa jpuk djus dh
vko' ; drk gksrh gSA

pj . k 3 v kSj  4 : bl  rF;  dk i z; ksx djosQ fd DE, BC osQ l ekarj gS (v i uh jpuk l s)  vkSj i gys
fl ¼ fd,  x,  i zes;  6-2 l s] t ks ; g gS fd ; fn nks l ekarj js[ kkvksa dks , d fr; Zd js[ kk dkVrh gks]
rks ,dkarj dks.k cjkcj gksrs gSa] ; gk¡ ge ; g fu"d"kZ fudky ysrs gSa fd  DAE =  ABC vkSj
 CAE =  ACB gSA

pj . k 5 : ; gk¡ ge fuEufyf[ kr fuxfer djus osQ fy,  ; wfDyM osQ vfHkxzghr (nsf[ k,  vè; k;  5)
dk i z; ksx djrs gSa] t ks ; g gS ¶; fn cjkcjksa dks cjkcjksa esa t ksM+k t k, ] rks i wjs cjkcj gksrs gSaA̧

 ABC +  BAC+  ACB =  DAB + BAC +  CAE

vFkkZr~ f=kHkqt  osQ var%dks.kksa dk ; ksx , d ½t q js[ kk i j osQ dks.kkssa osQ ; ksx osQ cjkcj gksrk gSA
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pj . k 6 : ; g fn[ kkus osQ fy,  fd   DAB + BAC +  CAE = 180° gS] ge vè; k;  6 osQ
jSf[ kd ; qXe v fHkxg̀hr dk i z; ksx djrs gSa] ft l dk dFku ; g gS fd , d ½t q js[ kk i j osQ dks.kksa dk
; ksx 180º  gksrk gSA
pj . k 7 : ; g fu"d"kZ fudkyus osQ fy,  fd   ABC +  BAC +  ACB =  DAB +
 BAC +  CAE = 180° gS] ge ; wfDyM osQ vfHkxg̀hr dk i z; ksx djrs gSa] t ks ; g gS ¶os oLrq, ¡
t ks l eku oLrq osQ cjkcj gSa] , d&nwl js osQ cjkcj gksrh gSaA è; ku nhft ,  fd pj.k 7 ml  i zes;  }kjk
fd; k x; k nkok gS] ft l s gesa fl ¼ djuk gSA
vc ge fo' ys"k.k fd,  fcuk gh i zes; ksa A1.2 vkSj A1.3 dks fl ¼ djsaxsA

i zes;  A1.2 : nks l e i zkÑr l a[ ; kvksa dk xq.kui Qy l e gksrk gSA
mi i fÙk :   eku yhft ,   x  vkSj   y  dksbZ nks l e i zkÑr l a[ ; k, ¡ gSaA
ge ; g fl ¼ djuk pkgrs gSa fd xy  l e gSA
D; ksafd  x  vkSj   y  l e gSa] bl fy,  ; s 2 l s HkkT;  gSaA bl hfy, ] x = 2m osQ : i  esa] t gk¡  m dksbZ i zkÑr
l a[ ; k gS vkSj y = 2n osQ : i  esa] t gk¡  n dksbZ i zkÑr l a[ ; k gS] O; Dr fd; k t k l drk gSA
rc  xy = 4 mn gS vkSj D; ksafd 4 mn, 2  l s HkkT;  gS] bl fy,   xy  Hkh nks l s HkkT;  gksxkA
vr%] xy  l e gSA

i zes;  A1.3 : fdUgha Hkh rhu Øekxr l e i zkÑr l a[ ; kvksa dk xq.kui Qy 16 l s HkkT;  gksrk gSA
mi i fÙk : dksbZ Hkh rhu Øekxr l e i zkÑr l a[ ; k 2n, 2n + 2 vkSj   2n + 4 osQ : i  dh gksxah] t gk¡
n dksbZ i zkÑr l a[ ; k gSA gesa ; g fl ¼ djuk gS fd budk xq.kui Qy 2n(2n + 2)(2n + 4) 16  l s
HkkT;  gSA
vc, 2n(2n + 2)(2n + 4) = 2n × 2(n +1) × 2(n + 2)

= 2 × 2 × 2n(n + 1)(n + 2) = 8n(n + 1)(n + 2)
vc gekjs l keus nks fLFkfr; k¡ gSa% ; k rks n  l e gS ; k fo"ke gSA vkb,  ge i zR; sd fLFkfr dh t k¡p
djsaA
eku yhft ,   n  l e gSA rc ge  n = 2m fy[ k l drs gSa] t gk¡  m  dksbZ i zkÑr l a[ ; k gSA
l kFk gh] rc 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2) = 16m(2m + 1)(2m + 2)
vr%] 2n(2n + 2)(2n + 4), 16  l s HkkT;  gSA
vc] eku yhft ,   n  fo"ke gSA rc  n + 1 l e gksxk vkSj ge n + 1  = 2r  fy[ k l drs gSa] t gk¡ r
dksbZ i zkÑr l a[ ; k gSA

rc 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2)

= 8(2r – 1) × 2r × (2r + 1)

= 16r(2r – 1)(2r + 1)

vr%] 2n(2n + 2)(2n + 4), 16 l s HkkT;  gSA
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vr%] nksuksa fLFkfr; ksa esa] geus ; g n' kkZ fn; k gS fd fdUgh Hkh rhu Øekxr l e l a[ ; kvksa dk
xq.kui Qy 16 l s HkkT;  gksrk gSA

xf.krKksa us fdl  i zdkj i fj.kkeksa dh [ kkst  dh gS vkSj fdl  i zdkj vkSi pkfjd ǹ<+ mi i fÙk; k¡
fy[ kh xbZ gSa buosQ varj i j oqqQN fVIi .kh nsrs gq, ] ge bl  vè; k;  dks ; gha l ekIr djrs gSaA t Sl k
fd Åi j crk; k x; k gS] i zR; sd mi i fÙk dk , d eq[ ;  varKkZukRed fopkj (dHkh&dHkh , d l s
v fèkd)  gksrk gSA xf.krKksa dh £pru&fof/  vkSj i fj.kkeksa dk i rk yxkus esa varKkZu osaQnz fcanq dke
djrk gSA i zk; % i zes;  dh mi i fÙk xf.krKksa osQ efLr"d esa v i us vki  vkus yxrh gSA l gh gy ; k
mi i fÙk i zkIr djus l s i gys fofHkUu fparu&fof/ ; ksa vkSj roZQ vkSj mnkgj.kksa osQ l kFk xf.krK i zk; %
i z; ksx djrk jgrk gSA l t ZukRed i zkoLFkk osQ nc t kus osQ ckn gh l Hkh rdks± dks ,d l kFk ysdj mfpr
mi i fÙk i zLrqr dh t krh gSA

; gk¡ ; g mYys[ k dj nsuk vko' ; d gS fd v i us dFkuksa
rd i gq¡pus osQ fy, ] Hkkjr osQ egku xf.krK Jhfuokl
jkekuqt u us mPp Lrj osQ varKkZu dk i z; ksx fd; k Fkk] ft uosQ
l aca/  esa mudk ; g nkok Fkk fd os l R;  gSaA buesa l s vusd
t ks l R;  fl ¼ gks x,  gSa os l qi fjfpr i zes;  gks x,  gSaA t ks vHkh
rd fl ¼ ugha gks i k,  gSa muesa l s dqN nkoksa (dat sDpj)  dks
fl ¼ djus ( ; k v l R;  fl ¼ djus)  esa vkt  Hkh i wjs fo' o osQ
xf.krK yxs gq,  gSaA

i z' ukoyh A1.4

1. fuEufyf[ kr dFkuksa dks vl R;  fl ¼ djus osQ fy,  i zR; qnkgj.k Kkr dhft , A

(i) ; fn nks f=kHkqt ksa osQ l axr dks.k cjkcj gksa] rks f=kHkqt  l ok±xl e gksrs gSaA

(ii) og prqHkqZt ] ft l dh l Hkh Hkqt k, ¡ cjkcj gSa ,d oxZ gksrk gSA

(iii) og prqHkqZt ] ft l osQ l Hkh dks.k cjkcj gSa] ,d oxZ gksrk gSA

(iv) ; fn  a  vkSj  b  i w.kk±d gSa] rks 2 2a b  = a + b gSA

(v) 2n2 + 11  , d vHkkT;  l a[ ; k gS] t gk¡  n  i w.kZ l a[ ; k gSA

(vi)  l Hkh / ukRed i w.kk±dksa n  osQ fy,   n2 – n + 41  , d vHkkT;  l a[ ; k gSA

2. vki  vi us i l an dh mi i fÙk yhft ,  vkSj Åi j p£pr dh xbZ fof/ ; ksa] (varZKkukRed
i zkjfEHkd dne D; k gS] D; k fn; k gqvk gS] D; k fuxfer fd; k x; k gS] fdu i zes; ksa vkSj
v fHkxg̀hrksa dk i z; ksx fd; k x; k gS] vkfn vkfn)  osQ vuql kj bl dk pj.k' k% fo' ys"k.k
dhft , A

J hfuokl  j kekuqt u
(1887–1920)
v koQ̀fr  A1.5
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3. fl ¼ dhft ,  fd nks fo"ke l a[ ; kvksa dk ; ksx l e gksrk gSA

4. fl ¼ dhft ,  fd nks fo"ke l a[ ; kvksa dk xq.kui Qy fo"ke gksrk gSA

5. fl ¼ dhft ,  fd rhu Øekxr l e l a[ ; kvksa dk ; ksx 6 l s HkkT;  gksrk gSA

6. fl ¼ dhft ,  fd ml  js[ kk i j v fi jfer : i  l s vusd fcanq gksrs gSa ft l dk l ehdj.k
 y = 2x  gSA

(l aosQr % fcanq  (n, 2n) yhft , ] t gk¡  n dksbZ i w.kk±d gSA)

7. vki ds fe=k us dHkh vki dks dgk gksxk fd vki  vi us eu esa , d l a[ ; k l ksp yhft ,  vkSj
ml osQ l kFk fofHkUu fØ; k, ¡ dhft , ] vkSj rc vki dh ewy l a[ ; k t kus fcuk gh ml us crk
fn; k gksxk fd og okLrfod l a[ ; k dkSu&l h FkhA vki osQ i kl  dkSu&l h l a[ ; k cph gSA ; gk¡
nks mnkgj.k fn,  x,  gSaA fl ¼ dhft ,  fd ; s nksuksa mnkgj.k l R;  D; ksa gSa\

(i) , d l a[ ; k yhft , ] ml dk nks xquk dhft , ] ml esa ukS t ksfM+, ] v i uh ewy l a[ ; k t ksfM+, A
bl s rhu l s Hkkx nhft , A v i uh ewy l a[ ; k dks bl esa l s ?kVkb, A vki dk i fj.kke 7 gSA

(ii) dksbZ Hkh rhu vadksa okyh , d l a[ ; k yhft ,  (mnkgj.k osQ fy,  425 yhft , )  bu
vadksa dks ml h Øe esa nksckjk fy[ kdj , d N vad okyh l a[ ; k cukb,  (425425)A
vki dh ubZ l a[ ; k 7]11 vkSj 13 l s HkkT;  gSA

A1.6 l kj ka' k

bl  i fjf' k"V esa] vki us fuEufyf[ kr fcanqvksa dk vè; ; u fd; k gS%

1. xf.kr esa dksbZ dFku rc Lohdk; Z gksrk gS t cfd ; g dFku l nSo l R;  gks ; k v l R;  gksA

2. ; g n' kkZus osQ fy,  fd xf.krh;  dFku v l R;  gS , d i zR; qnkgj.k Kkr dj ysuk gh i ; kZIr gksrk
gSA

3. vfHkxg̀hr os dFku gSa ft Ugsa mi i fÙk fcuk l R;  eku fy; k x; k gSA

4. , d dat sDpj og dFku gS ft l s ge v i us xf.krh;  varKkZu osQ vk/ kj i j l R;  eku ysrs gSa] i jUrq
ft Ugsa gesa vHkh fl ¼ djuk gSA

5. ml  xf.krh;  dFku dks] ft l dh l R; rk LFkkfi r ( ; k fl ¼)  dj nh xbZ gS] i zes;  dgk t krk gSA

6. xf.krh;  dFkuksa dks fl ¼ djus dk , d eq[ ;  rk£dd l k/ u fuxefud roZQ.k gSA

7. mi i fÙk xf.krh;  dFkuksa dk , d mÙkjksÙkj vuqØe gksrh gSA mi i fÙk dk i zR; sd dFku i gys l s Kkr
dFku l s] ; k i gys fl ¼ fd,  x,  i zes;  l s] ; k , d v fHkxg̀hr l s] ; k i fjdYi ukvksa l s rk£dd
: i  l s fuxfer fd; k t krk gSSA
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mÙkj@l aosQr

i z' ukoyh 1.1

1. gk¡] 0 =  vkfn] gj  q dks Hkh Í .k i w.kk±d ekuk t k l drk gSA

2. l a[ ; kvksa 3 vkSj 4 osQ chp vuarr% vusd i fjes;  l a[ ; k, ¡ gks l drh gSa; bUgsa ysus dh , d fof/  gS

3 = . rc N% l a[ ; k, ¡ gSa .

3.  . vr% i k¡p i fjes;  l a[ ; k, ¡ gSa : 

4. (i) l R;  gS] D; ksafd i w.kZ l a[ ; kvksa osQ l axzg esa l Hkh i zkÑr l a[ ; k, ¡ gksrh gSaA

(ii) v l R;  gS] mnkgj.k osQ fy,  –2 , d i w.kZ l a[ ; k ugha gSA

(iii) v l R;  gS] mnkgj.k osQ fy,   i fjes;  l a[ ; k gS] i jUrq i w.kZ l a[ ; k ugha gSA

i z' ukoyh 1.2

1. (i) l R;  gS] D; ksafd okLrfod l a[ ; kvksa dk l axzg i fjes;  vkSj v i fjes;  l a[ ; kvksa l s cuk gksrk gSA

(ii) v l R;  gS] D; ksafd dksbZ Hkh Í .k l a[ ; k fdl h i zkÑr l a[ ; k dk oxZewy ugha gks l drhA

(iii) v l R; ] mnkgj.kkFkZ 2 okLrfod l a[ ; k gS fdUrq v i fjes;  ughaA

2. ughaA mnkgj.k osQ fy, ,  = 2 , d i fjes;  l a[ ; k gSA

3. vkÑfr 1.8 esa nh xbZ fØ; kfof/  dks vusd ckj dhft , A i gys  i zkIr dhft ,  vkSj rc  i zkIr
dhft , A

i z' ukoyh1.3

1. (i) 0.36, l kar (ii) 0.09 , vuol kuh i qujkorhZ

(iii) 4.125, l kar (iv) 0.230769 , vuol kuh i qujkorhZ

(v) 0.18  vuol kuh i qujkorhZ (vi) 0.8225 l kar
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2. 2 12 0.285714,
7 7
    3 13 0.428571,

7 7
    4 14 0.571428,

7 7
  

5 15 0.714285,
7 7
    6 16 0.857142

7 7
  

3. (i)
2
3  [ekuyhft ,  x = 0.666. . . vr%] 10x = 6.666. . . ; k, 10x = 6 + x ; k, x = 

6 2
9 3
 ]

(ii)
43
90 (iii)

1
999

4. 1 [ekuyhft ,  x = 0.9999. . . vr%] 10 x = 9.999. . . ; k, 10 x  =  9 + x ; k, x  = 1]

5. 0.0588235294117647

6. q osQ vHkkT;  xq.ku[ kaMu esa osQoy 2 osQ ?kkr] ; k 5 osQ ?kkr ; k nksuksa gksrs gSaA

7. 0.01001000100001. . ., 0.202002000200002. . ., 0.003000300003. . .

8. 0.75075007500075000075. . ., 0.767076700767000767. . ., 0.808008000800008. . .

9. (i), (iv) vkSj (v) v i fjes;  gS; (ii) vkSj  (iii) i fjes;  gSA

i z' ukoyh1.4

1. (i) v i fjes; (ii) i fjes; (iii) i fjes; (iv) v i fjes;

(v) v i fjes;

2. (i) 6 3 2 2 3 6   (ii) 6 (iii) 7 2 10 (iv) 3

3. bl dk dksbZ varfoZjks/  ugha gSA Lej.k jgs fd t c dHkh&Hkh , d LosQy l s ; k fdl h vU;  ; qfDr l s yackbZ
eki rs gSa] rc vki dks osQoy , d l fUudV i fjes;  eku i zkIr gksrk gSA vr% vki  ; g vuqHko ugha dj
i krs fd c ; k d v i fjes;  gSA

4. nsf[ k,  vkÑfr 1.17.

5. (i)
7

7
(ii) 7 6 (iii)

5 2
3


(iv)
7 2

3

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i z' ukoyh1.5

1. (i) 8 (ii) 2 (iii) 5 2. (i) 27 (ii) 4 (iii) 8 (iv)  
1 1

3 –13 31 (125) 5 5
5

  
  

 

3. (i)
13
152 (ii) 3–21 (iii)

1
411 (iv)

1
256

i z' ukoyh2.1

1. (i) vkSj (ii) , d pj esa cgqi n gSA (v) rhu pjksa esa , d cgqi n gS] (iii), (iv) cgqi n ugha gS] D; ksafd pj
dk i zR; sd ?kkrkad i w.kZ l a[ ; k ugha gSA

2. (i) 1 (ii) –1 (iii)
2


(iv) 0

3. 3x35 – 4; 2 y100 (vyx&vyx xq.kkadksa okys dqN vkSj cgqi n vki  fy[ k l drs gSaA)

4. (i) 3 (ii) 2 (iii) 1 (iv) 0

5. (i) f}?kkrh (ii) f=k?kkrh (iii) f}?kkrh (iv) jSf[ kd

(v) jSf[ kd (vi) f}?kkrh (vii) f=k?kkrh

i z' ukoyh2.2

1. (i) 3 (ii) – 6 (iii) – 3
2. (i) 1, 1, 3 (ii) 2, 4, 4 (iii) 0, 1, 8 (iv) –1, 0, 3

3. (i) gk¡ (ii) ugha (iii) gk¡ (iv) gk¡

(v) gk¡ (vi) gk¡

(vii) 1
3

  cgqi n dk , d ' kwU; d gS, i jUrq 2
3

 cgqi n dk , d ' kwU; d ugha gSA (viii) ugha

4. (i) – 5 (ii) 5 (iii)
5

2


(iv)
2
3

(v) 0 (vi) 0 (vii) d
c

i z' ukoyh2.3

1. (x + 1), (i) dk , d xq.ku[ kaM gS i jUrq (ii), (iii) vkSj (iv) dk xq.ku[ kaM ugha gSA

2. (i) gk¡ (ii) ugha (iii) gk¡
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3. (i) –2 (ii)  2 2  (iii) 2 1 (iv)
3
2

4. (i) (3x – 1)(4x – 1) (ii) (x + 3)(2x + 1) (iii) (2x + 3)(3x – 2) (iv) (x + 1)(3x – 4)
5. (i) (x – 2)(x – 1)(x + 1) (ii) (x + 1)(x + 1)(x – 5)

(iii) (x + 1)(x + 2)(x + 10) (iv) (y – 1)(y + 1)(2y + 1)

i z' ukoyh2.4

1. (i) x2 + 14x + 40 (ii) x2 – 2x – 80 (iii) 9x2 – 3x – 20

(iv) y2 – 
9
4

(v) 9 – 4x2

2. (i) 11021 (ii) 9120 (iii) 9984

3. (i) (3x + y)(3x + y) (ii) (2y – 1)(2y – 1) (iii)
10 10
y yx x     

  
4. (i) x2 + 4y2 + 16z2 + 4xy + 16yz + 8xz

(ii) 4x2 + y2 + z2 – 4xy – 2yz + 4xz
(iii) 4x2 + 9y2 + 4z2 – 12xy + 12yz – 8xz
(iv) 9a2 + 49b2 + c2 – 42ab + 14bc – 6ac
(v) 4x2 + 25y2 + 9z2 – 20xy – 30yz + 12xz

(vi)
2 2

1
16 4 4 2
a b ab ab    

5. (i) (2x + 3y – 4z) (2x + 3y – 4z) (ii)    2 2 2 2 2 2x y z x y z     

6. (i) 8x3 + 12x2 + 6x + 1 (ii) 8a3 – 27b3 – 36a2b + 54ab2

(iii) 3 227 27 9 1
8 4 2

x x x   (iv)
2

3 3 28 42
27 3

xyx y x y  

7. (i) 970299 (ii) 1061208 (iii) 994011992

8. (i) (2a + b)(2a + b)(2a + b) (ii) (2a – b)(2a – b)(2a – b)

(iii) (3 – 5a)(3 – 5a)(3 – 5a) (iv) (4a – 3b)(4a – 3b)(4a – 3b)

(v) 1 1 13 3 3
6 6 6

p p p        
   

10. (i) (3y + 5z) (9y2 + 25z2 – 15yz) (ii) (4m – 7n) (16m2 + 49n2 + 28mn)
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11. (3x + y + z) (9x2 + y2 + z2 – 3xy – yz – 3xz)

12. nf{k.k i {k dks l jy dhft , A

13. l oZl fedk VIII esa x + y + z = 0 jf[ k, A

14. (i) –1260. Let a = –12, b = 7, c = 5. ; gk¡ a + b + c = 0. i z' u 13 esa fn,  x,  i fj.kke dk i z; ksx
dhft , A

(ii) 16380

15. (i) , d l aHko mÙkj gS : yackbZ = 5a – 3, pkSM+kbZ = 5a – 4

(ii) , d l aHko mÙkj gS : yackbZ = 7y – 3, pkSM+kbZ = 5y + 4

16. (i) , d l aHko mÙkj gS : 3, x vkSj  x – 4.

(ii) , d l aHko mÙkj gS : 4k, 3y + 5 vkSj  y – 1.

i z' ukoyh3.1

1. ySEi  dks , d fcUnq eku yhft ,  vkSj est  dks , d l eryA
est  dk dksbZ Hkh nks yac dksj yhft , A cM+s dksj l s ySEi  dh
nwjh eki  yhft , A eku yhft ,  ; g nwjh 25 l seh gSA vc] NksVs
dksj l s ySEi  dh nwjh ekfi ,  vkSj ekuyhft ,  ; g nwjh 30 l seh
gSA ft l  Øe esa vki us ySEi  j[ kk gS ml osQ vuql kj ml dh
fLFkfr dks (30, 25) ; k (25, 30) fy[ k l drs gSaA

2. ekxZ ; kst uk uhps nh xbZ vkÑfr esa fn[ kkbZ xbZ gS

25 cm
Lamp

30 cm

(3, 4)CW

S

N

(4, 3)

E

EkkxZ 1 EkkxZ 2 EkkxZ 3 EkkxZ 4 EkkxZ 5
EkkxZ 1
EkkxZ 2
EkkxZ 3

EkkxZ 4
EkkxZ 5
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nksuksa dh Økl  ekxZ Åi j dh vkÑfr esa fpfg~ur fd,  x,  gSaA ; s v f}rh; r% i zkIr fd,  t krs gSa] D; ksafd
nks l anHkZ js[ kkvksa esa geus LFkku fu/ kZj.k osQ fy,  nksuksa dk i z; ksx fd; k gSA

i z' ukoyh 3.2

1. (i) x - v{k vkSj  y - v{k (ii) prqFkkZ' ka (iii) ewy fcUnq

2. (i) (– 5, 2) (ii) (5, –5) (iii) E (iv) G (v) 6 (vi) – 3 (vii) (0, 5) (viii) (–3, 0)

i z' ukoyh4.1

1. x = 2y ; k x – 2y = 0

2. (i) 2x + 3y – 9.35  = 0; a = 2, b = 3, c = – 9.35

(ii) x – 5
y

 – 10 = 0; a = 1, b = 
1,

5


 c = – 10

(iii) –2x + 3y – 6 = 0; a = –2, b = 3, c = – 6
(iv) 1.x – 3y + 0 = 0; a = 1, b = –3, c = 0
(v) 2x + 5y + 0 = 0; a = 2, b = 5, c = 0
(vi) 3x + 0.y + 2 = 0; a = 3, b = 0, c = 2
(vii) 0.x + 1.y – 2 = 0; a = 0, b = 1, c = – 2
(viii)–2x + 0.y + 5 = 0; a = –2, b = 0, c = 5

i z' ukoyh4.2

1. (iii), D; ksafd x osQ i zR; sd eku osQ fy; s] y dk , d l axr eku gksrk gS vkSj foykser% HkhA

2. (i) (0, 7), (1, 5), (2, 3), (4, –1)

(ii) (1, 9 – ), (0, 9), (–1, 9 + ), 9 , 0

 
 
 

(iii) (0, 0), (4, 1), (– 4, 1), 12,
2

 
 
 

3. (i) ugha (ii) ugha (iii) gk¡ (iv) ugha (v) ugha

4. 7
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i z' ukoyh 5.1

1. (i) v l R;  % bl s Nk=k v i uh vk¡[ kksa l s ns[ k l drs gSaA

(ii) v l R;  % ; g v fHkxg̀hr 5.1 dk varfoZjks/  djrk gSA

(iii) l R;  % (v fHkxg̀hr&2)

(iv) l R;  % ; fn , d òÙk l s i fjc¼ i zns' k dks nwl js i zns' k i j vè; kjksfi r djsa] rks os l ai krh gksaxsA
vr% buosQ osQUæ vkSj i fj l hek, ¡ l ai krh gksrh gSaA vr% budh f=kT; k, ¡ l ai krh gksaxhA

(v) l R;  % ; wfDyM dk i zFke v fHkxg̀hr

3. , sl s vusd v i fjHkkf"kr ' kCn gSa ft udh t kudkjh Nk=k dks gksuh pkfg, A ; s l axr gksrs gSa] D; ksafd
buesa nks vyx&vyx fLFkfr; ksa dk vè; ; u fd; k t krk gS vFkkZr~ (i) ; fn nks fcUnq A vkSj B fn,
gq,  gksa] rks muosQ chp esa fLFkfr , d fcUnq C gksrk gS; (ii) ; fn A vkSj B fn,  gq,  gks] rks vki  , d
, sl k fcUnq C ys l drs gSa t ks A vkSj B l s gksdj t kus okyh js[ kk i j fLFkr ugha gksrkA

; s vfHkxg̀hr ; wfDyM dh vfHkxg̀hrksa dk vuql j.k ugha djrsA fi Qj Hkh ; s v fHkx̀ghr 5.1 dk vuql j.k
djrs gSaA

4. AC = BC

bl fy, AC + AC = BC + AC (cjkcjksa dks cjkcjksa esa t ksM+k x; k gSA)

vFkkZr~ 2AC = AB (BC + AC, AB osQ l ai krh gSaA)

bl fy, AC =
1
2

 AB

5. vLFkk; h : i  l s ; g ekuyhft ,  fd AB osQ nks eè;  fcUnq C vkSj D gS t gk¡ C vkSj D vyx vyx
gSaA vc ge ; g fn[ kk, saxs fd fcUnq C vkSj D nks vyx&vyx fcUnq ugha gSA

6. AC = BD (fn; k gqvk gS) (1)

AC = AB + BC (fcUnq B, fcUnqvksa A vkSj C osQ chp fLFkfr gSa) (2)

BD = BC + CD (fcUnq C, fcUnqvksa B vkSj D osQ chp fLFkr gS) (3)

(1) esa (2) vkSj (3) dks i zfrLFkkfi r djus i j gesa ; g i zkIr gksrk gSA

AB + BC = BC + CD

bl fy, ]  AB = CD (cjkcjksa esa l s cjkcjksa dks ?kVkus i j)

7. D; ksafd fo' o osQ fdl h Hkkx esa fdl h Hkh oLrq osQ fy,  ; g l R;  gksrk gS] bl fy,  bl s l koZHkkSfed
l R;  ekuk t krk gSA
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i z' ukoyh 6.1

1. 30°, 250° 2. 126° 4. , d fcUnq i j l Hkh dks.kksa dk ; ksx = 360°

5. QOS = SOR + ROQ vkSj POS = POR – SOR 6. 122°, 302°

i z' ukoyh 6.2

1. 126° 2. 126°, 36°, 54° 3. 60° 4. 50°, 77°

5. vki ru dks.k = i jkorZu dks.kA fcUnq B i j  BE  PQ [ khafp,  vkSj fcUnq C i j  CF  RS [ khafp, A

i z' ukoyh A1.1
1. (i) l nk v l R; A , d o"kZ esa 12 eghus gksrs gSaA

(ii) l afnX/  % , d fn,  gq,  o"kZ esa nhokyh ' kqØokj dks i M+ l drh gS vkSj ugha Hkh i M+ l drh gSA

(iii) l afnX/  % o"kZ esa dHkh&dHkh exknh esa rki eku 26° gks l drk gSA

(iv) l nk l R;

(v) l nk v l R;  % dqÙks mM+ ugha l drs gSaA

(vi) l afnX/  % , d yhi  o"kZ esa i Qjojh 29 fnu dk gksrk gSA

2. (i) v l R; A , d prqHkqZt  osQ var% dks.kksa dk ; ksx 360° gksrk gSA

(ii) l R; (iii) l R; (iv) l R;

(v) v l R; A mnkgj.k osQ fy,  7 + 5 = 12 t ks , d fo"ke l a[ ; k ugha gSA

3. (i) 2 l s cM+h l Hkh vHkkT;  l a[ ; k, ¡ fo"ke gksrh gSaA

(ii) i zkÑr l a[ ; k dk nksxquk l nSo l e gksrk gSA

(iii) fdl h Hkh x > 1 osQ fy, ] 3x + 1 > 4

(iv) fdl h Hkh x  0 osQ fy,  x3  0

(v) , d l eckgq f=kHkqt  esa ekfè; dk dks.k&v/ Zd Hkh gksrh gSA

i z' ukoyh A1.2
1. (i) ekuo es#naM okys gksrs gSaA (ii) ugha] fnus' k v i us cky fdl h vU;  fnu Hkh dVok l drk

FkkA (iii) xqyx dh yky t hHk gSA (iv) ge ; g fu"d"kZ fudky ysrs gSa fd xVj dh l i Q+kbZ rqjar
gks t kuh pkfg, A (v) ; g vko' ; d ugha gS fd i w¡N okys l Hkh t kuoj dqÙks gh gksaA mnkgj.k osQ
fy, ] cSy] canj t Sl s t kuojksa dh i w¡N gksrh gS] i jUrq os dqÙks ugha gSaA

2. vc vki dks myVdj B vkSj 8 dks ns[ kuk gksrk gSA ; fn nwl jh vksj B i j  , d l e l a[ ; k gks] rks
fu; e Hkax gks t krk gSA bl h i zdkj] ; fn nwl jh vksj 8 i j  , d Loj gks] rks fu; e Hkax gks t krk gSA
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i z' ukoyh A1.3
1. rhu l aHko dat Dpj ; s gSa :

(i) fdUgha Hkh rhu Øekxr l e l a[ ; kvksa dk xq.kui Qy l e gksrk gSA (ii) fdUgha Hkh rhu Øekxr
l e l a[ ; kvksa dk xq.kui Qy] 4 l s HkkT;  gksrk gSA (iii) fdUgha Hkh rhu Øekxr l e l a[ ; kvksa dk
xq.kui Qy 6 l s HkkT;  gksrk gSA

2. i afDr  4: 1 3 3 1 =113; i afDr  5: 1 4 6 4 1=114; i afDr 4 vkSj i afDr 5 i j dat Dpj ykxw gksrk gSA
ugha] D; ksafd 115  15101051.

3. T4 + T5 =25 = 52 ; Tn – 1 + Tn = n2.

4. 1111112 = 12345654321 ; 11111112 = 1234567654321

5. fo| kFkhZ dk v i uk mÙkjA mnkgj.k osQ fy, ] ; wfDyM dh v fHk/ kj.kk, ¡A

i z' ukoyh A1.4
1. (i) l eku dks.k] i jUrq vyx&vyx Hkqt kvksa okys dksbZ Hkh nks f=kHkqt  gks l drs gSA

(ii) l eHkqt  dh Hkqt k, ¡ rks cjkcj gksrh gSa] i jUrq ; g oxZ ugha Hkh gks l drk gSA

(iii) vk; r osQ dks.k cjkcj gksrs gSa] i jUrq ; g oxZ ugha Hkh gks l drk gSA

(iv) a = 3 vkSj  b = 4 i j  dFku l R;  ugha gSA

(v) n = 11 i j  2n2 + 11 = 253 t ks vHkkT;  ugha gSA

(vi) n = 41 i j  n2 – n  + 41 vHkkT;  ugha gSA

2. fo| kFkhZ dk v i uk mÙkjA

3. ekuk x  rFkk y  nks fo"ke l a[ ; k, a gSaA rc x = 2m +1, t gk¡ m , d i zkÑr l a[ ; k gS rFkky = 2n + 1,
t gk¡ n Hkh , d i zkÑr l a[ ; k gSA

x + y = 2 (m + n + 1)A bl fy, , x + y nks l s HkkT;  gS rFkk l e gSA

4. i z' u 3 nsf[ k, A xy = (2m + 1)(2n + 1) = 2 (2mn + m + n) + 1.

vr% xy, 2 l s HkkT;  ugha gSA bl fy,  ; g fo"ke gSA

5. eku yhft ,  2n, 2n + 2 vkSj  2n + 4 rhu Øekxr l e l a[ ; k, ¡ gSaA rc budk ; ksx 6(n + 1) gS t ks
fd 6 l s HkkT;  gSA

7. (i) eku yhft ,  ewy l a[ ; k n gSA rc ge fuEufyf[ kr l afØ; k, ¡ djrs gSaA

n  2n  2 n + 9  2 n +  9 + n = 3n + 9   
3 9

3
n   = n + 3   n + 3 + 4 = n + 7 

n + 7 – n = 7

(ii) è; ku nhft ,  fd  7 × 11 × 13 = 1001. dksbZ Hkh rhu vadksa okyh l a[ ; k] eku yhft ,  abc
yhft , A rc abc × 1001 = abcabc. vr% N% vadksa okyh abcabc, 7, 11 vkSj 13 l s HkkT;  gSA
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